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Introduction 

In this paper we make a detailed comparison between the Paley-Wiener 
theorem of J. Arthur [T], and the one recently established by P. Delorme 

Let G be a real reductive Lie group of the Harish-Chandra class and let 
K be a maximal compact subgroup. Let C^{G,K) denote the space of 
smooth compactly supported functions on G which behave finitely under 
both left and right translation by K. The Paley-Wiener theorem of each of 
the above mentioned authors describes the image of C^{G, K) under Fourier 
transformation, in terms of a so called Paley-Wiener space. In this paper 
we will show that the two Paley-Wiener spaces are equal, without using the 
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proof or the validity of any of the associated Paley- Wiener theorems. It 
thus follows that the two theorems are equivalent from an a priori point of 
view. 

In order to be able to be more specific about the contents of this paper, we 
shall first give a more detailed description of the two Paley- Wiener theorems 
mentioned above. 

Let = t © p be a Cartan decomposition associated with the maximal 
compact subgroup K. Here and in the following we use the convention to 
denote Lie groups by Roman capitals, and their Lie algebras by the corre- 
sponding lower case German letters. Let o be a maximal abelian subspace 
of p, and let A = exp o be the associated vectorial closed subgroup of G. We 
denote by V{A) the (finite) set of cuspidal parabolic subgroups of G contain- 
ing A. Each parabolic subgroup P € 'P{A) has a Langlands decomposition of 
the form P = MpApNp, with Ap C A. Let Mp^^ denote the set of (equiv- 
alence classes of) discrete series representations of Mp. For {S,,7i) € Mp^^ 
and A G a*p^, we denote by tt^^x = t^p^^^x the representation of G induced 
from the representation ^ (8> (A + pp) (g) 1 of P. The associated module of 
smooth vectors for vr^ a has a realization on the space C°°{K : ^) consisting 
of smooth functions tp: K ^ 7i^, transforming according to the rule: 

'4>{mk) = i{m)f{k), for all keK,meKnMp. 

Accordingly, each function / G C^{G) has an operator valued Fourier trans- 
form 

/(P,C,A) ■.= 7r^M)= I fix)7r^,xix)dxeEnd{C^iK:C)). 

JG 

Moreover, the endomorphism /(P, A) depends holomorphically on the vari- 
able A G Opj,. If / is bi-K-finite, then /(P, ^, A) belongs to the space S{P: ^) 
of bi-K-finite elements of End(C°°(-fC: ^)). Moreover, the holomorphic maps 
A I—)- f{P,^,X) are non-zero for only finitely many of the pairs (P, 0- It 
follows that /(P) may be viewed as an element of the algebraic direct sum 

©5 O{a*p^)(8)S{P:0- (0.1) 

We define the pre-Paley-Wiener space PWp''(G, K) as the space of elements 
((/?(P, 1^) I G Mp^g) in (jO.ip for which there exists a constant P > and 
for every n > a constant C„ > such that 

||^(P,e,A)|| <C„(l + |A|)-"e^l^^"l (0.2) 

for all ^, A. 

We can now describe the Paley-Wiener space involved in Arthur's the- 
orem in [Ij. Let Pq be a fixed minimal parabolic subgroup in 'P(^). Its 
Langlands decomposition is of the form Pq = MANq, where M is the cen- 
tralizer of A in K. The Arthur Paley-Wiener space 

FW^{G,K) (0.3) 

is defined as the space of G PW^^{G,K) satisfying all finite linear rela- 
tions of the form 

^(^(Po,ei,A,;ni), V'i) =0, (0.4) 

i 
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with £,i G M^, xpi G 5(Po:^i)KxK' ^ "^c '^ith Uj G 5'(a*) acting as 
differential operators in tlie A- variable (see Section 12.11 for notation) , as soon 
as these relations are satisfied by all families of functions (A i— > irp^^^^xi^) I 
^ G M^), for X G G. These are the so-called Arthur-Campoli relations. 
In [1], Arthur defines a similar Paley-Wiener space involving all minimal 
parabolic subgroups from V{A). In [2j this space is shown to be isomorphic 
to the one defined in (j0.3p . 

Next, let us describe the Paley-Wiener space introduced by Delorme 1^. 
The definition of this Paley-Wiener space involves the operation of taking 
successive derivatives of a family ttx of representations, depending holomor- 
phically on a parameter A G a*p^, for some P G ViA). Such an operation 
is encoded by a sequence r] = (r/i, . . . , r/7v) in cipj,, listing the directions in 

which the derivatives should be taken successively. The associated fam- 

(v) 

ily TTj^ is again a holomorphic family of representations. The operation 
of derivation also applies to a holomorphic family A i— t- (^a of continuous 
endomorphisms of ttx and then gives a holomorphic family ip^^^ of endomor- 
phisms of vr^''^. Let V be the set of all 4-tuples (P,^, A,r/) with P G ViA), 
^ G Mp^g, A G Opf, and rj a finite sequence of linear functionals from a*p^ 

as above. Given a datum 6 = {P,^,X,7]) we define vr^ := vrp^_^. Moreover, 
given if G PW^^ {G,K) we define <ps in a similar fashion. Finally, given a 
sequence 5 = . . . ,Sn) of data from V, we write tts := vr^j • • • vr^^, 
and ips := ^psi ® ■ ■ ■ ® V>5n- 

Delorme's Paley-Wiener space is defined as the space PW^(G,K) of 
functions if G ©pg-p(A)PWp'^(G, such that 

(a) for each finite sequence 6 G the function ips preserves all invariant 
subspaces of its; 

(b) for any two finite sequences di G and 62 G 2?^^ , and any two se- 
quences of closed invariant subspaces Uj C Vj for tts , {j = 1,2), the 
induced maps (ps- G End(T^/C/j) are intertwined by all G-equivariant 
operators T: Vi/Ui ^2/^/2- 

There is a natural map PW^{G,K) PW'^p^{G,K), given by 

{p{P,0 I P e P(^),C G Mp,d.) ^ (93(Po,e) 1 C G MpJ. (0.5) 

In this paper we show that the map (jO.Sp is a linear isomorphism from 
PW^(G,K) onto PW^(G,if), see Theorem mi 

To understand better the conditions involving the derivatives in the defi- 
nition of the Paley-Wiener spaces, we start, in Section [21 with the study of 
holomorphic families and their derivatives. Instead of focusing on first order 
derivatives, we replace a holomorphic family by the associated holomorphic 
section in a suitable jet bundle. This idea also occurs in W. Casselman's 
paper [U §9]. We reformulate it slightly, by using a suitable trivialization 
of the jet bundle. Our construction starts with fixing a finite dimensional 
module E for the ring Oq of germs of holomorphic functions (of A) at zero. It 
then gives, for ttx a holomorphic family of representations in a fixed complete 
space V a new holomorphic family Trj^ in the space E 0V. The differentia- 
tion procedure of Delorme turns out to be a special case of this procedure, 
with E a suitable module of dimension 2. In the same Section [2] we study 
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how the functor ttx behaves with respect to analytic famihes of 

intertwining operators and with respect to induction. 

In the next section, El we give an equivalent definition of Arthur's Paley- 
Wiener space by invoking the functors tt i-^ tt^^^ , instead of the derivations 
given by elements of ^(a*) in the Arthur-Campoli relations. These relations 
may then be reformulated as linear relations on diff'erentiated families of 
representations. 

In Section H] we simplify the definition of PW^(G, K). First of all, due to 
the intertwining relations in the definition, the space can be defined in terms 
of just the minimal parabolic subgroup Pq. Next, the intertwining conditions 
(b) turn out to be a consequence of the invariant subspace conditions (a). 

In the final Section [SJ we bring into play the Hecke algebra M(G, K) con- 
sisting of all bi-K-finite distributions on G supported by K. The importance 
of this algebra for representation theory is based on the fact that the cat- 
egory of Harish-Chandra modules is isomorphic to the category of finitely 
generated admissible modules for this algebra. 

A key lemma in this section is the following. For (vr, V) a Harish-Chandra 
module, let End(7r)* denote the space oi K x iC-finite endomorphisms of 
V with the property that for every positive integer n the Cartesian power 
^pXn preserves all invariant subspaces of V^"^. The mentioned key lemma 
asserts that 

End(7r)# = image(EI(G,K)) C End(y). 

It follows from this lemma that the Paley- Wiener space PW^(G,K) allows 

the following description in terms of the Hecke algebra. For every finite 

dimensional Oo-module E, and all finite sets H C and Ac a^^'^Q define 

( p\ 

the representation -7Te,e,a to be the direct sum of the representations vTp^ ^ ^, 
for (^, A) € H X A. Moreover, for ip £ PW'^^{G,K), we define the endomor- 

phism fE,E,A of 'JTe,e,a by taking a similar direct sum. Then FW^ {G,K) 
maps isomorphically onto the space of </? € PW^^'^{G,K) such that for all 
E, H, A as above, 

^E,E,Ae7TE,E,AmG,K)). (0.6) 

On the other hand, it follows from its definition that Arthur's Paley- 
Wiener space PW^(G,i^) is equal to the space of (p € PW^p^{G,K) such 
that for all £^,5, A as above, (pE,s,x is annihilated by the annihilator of 
'^e,e,aO^{G, K)) in the contragredient module. Since this condition is equiv- 
alent to (|0.6p , it thus follows that the map (jO.Sp is a linear isomorphism onto 
PW^ (G,ir) (Theorem Enj. 

Returning to the original formulation of Arthur's Paley- Wiener theorem, 
we finally wish to mention that the condition ()0.4p may be replaced by the 
condition that for all ^i,nj,Aj as in (|0.4p . there exists a h G Il{G,K) such 
that for all i, 

^{^i,Xi;ui) = Vrp(,,^^,A,;«,(/i)- 

This characterization is given in Subsection 15.51 where it is used to derive, 
from Arthur's theorem, the Paley- Wiener theorem for bi-K-invariant func- 
tions, due to S. Helgason [7] and R. Gangolli [S]. 

Acknowledgments: We thank Pierre Baumann for a helpful discussion, 
which led to a simpler proof of Lemma 15.31 The second named author was 
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1. Notation and preliminaries 

Throughout this paper, G will be a real reductive Lie group in the Harish- 
Chandra class and K a maximal compact subgroup. Let U (g) be the univer- 
sal enveloping algebra of the complexification gc of g. We denote hy X ^ X'^ 
the anti-automorphism of U{q) which on g is given hy X ^ —X. 

In this paper, locally convex spaces will always be assumed to be Hausdorff 
and defined over C. 

For any continuous representation (r, V) of K (in a quasi-complete locally 
convex space) and any class 7 in the unitary dual of K, the i^-isotypic 
component of (r, V) of type 7 is denoted by V^. The associated iiT-equivariant 
projection onto is denoted by P^. 

For every finite subset of K^, we put 

Ve ■— ©^g6i and Pe ■— P^. 

For any continuous representation (tt, V) of G, with V a quasi-complete 

locally convex space, let V°° and Vk denote the vector subspaces of smooth 
and X-finitc elements of V, respectively. The first one gives rise to a subrep- 
resentation of tt and the second one to its underlying (g, i^)-module (tt, Vk)- 
We say that a (continuous) G-representation or a (g, if )-module is ad- 
missible if all its ii'-isotypic components are finite dimensional. A Harish- 
Chandra module is an admissible (g, iir)-module which is finitely generated 
as a C/(g)-module. 

The space C°°{G) of complex valued smooth functions on G is equipped 
with the left and right regular actions of G; the subspace G^{G) of com- 
pactly supported functions is invariant for these actions. The actions are 
continuous for the usual locally convex topologies on these spaces and may be 
dualized by taking contragredients. Let £'{G) denote the space of compactly 
supported distributions on G, i.e., the topological linear dual of C°°{G). 

Fix a (bi-invariant) Haar measure dx on G. Then the linear map 

C^{G) S\G), f ^ fdx 

is an injective intertwining operator for both G-action. Accordingly, we will 
use this map to view C^{G) as a submodule of £'{G). 

For any continuous representation (vr, y) and any / G C^(G), let 7r(/) 
denote the endomorphism of V defined by 

T^if)'^ '■= / f{x)Tr{x)v dx, VE:V. 
Jg 

Then for ah v G and ^ € {V^)*, the following equality holds 

a7T{f)v) = {fdx,a7^i-)v)); 

the bracket on the right-hand side of the equation indicates the natural 
pairing between £'{G) and G°°{G). 

Let (7ri,Vi), i = 1,2, be two (g, ii')-modules. The space Hom(Vi,V2) of 
(linear) homomorphisms from Vi to V2 is naturally endowed with a (g x 
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Q,Kx Er)-module structure. Indeed, for any T € Hom(Vi, V2), 

(Xi,X2)r = ^2(^2)or-ro7ri(Xi), Xi,X2 eg, 

{ki,k2)T = TT2{k2) oT o TTi{k^'^), ki, k2 e K. 

Accordingly, the subspace Hom(g^^)(yi, V2) of (g, iir)-homomorphisms con- 
sists of the elements of Hom(Vi, V2) which are invariant under the diagonal 
action. 

Lemma 1.1. Let {tt,V) be an admissible representation of G and let Bi and 
62 be finite subsets of K^. Then the linear map 

uniquely extends to a continuous linear map from £'{G) to Hom(V0j , Vgj). 

Proof. Uniqueness of the extension follows by density of C^{G) dx in £'{G). 
Let V € ^6*1 and G Fg*. Then by finite dimensionality of Hom(Ve^, V^j) it 
suffices to show that the linear map 

C: G^{G) ^ C, / ^ aAf)v) 

extends continuously to £'{G). Define the function m € C°°{G) by m{x) = 
i{TT{x)v). Then C{f) = {fdx,m), for / G C7~(G). Thus, u ^ {u,m) defines 
a continuous linear extension of C to £'{G). □ 

We consider the convolution product * on C^{G) given by 

f^g(x)= / f{y)g{y'^x) dy, 
Jg 

for f,gG G^{G) and 2; € G. It defines an algebra structure on C^{G). The 
subspace G^{G,K) of left and right ET-finite elements in C^{G) is closed 
under convolution, hence a subalgebra of C^{G). 

The convolution product has a unique extension to a separately continu- 
ous bilinear map £'{G) x £'{G) — > £'{G), denoted (n, v) 1-^ u*v. This turns 
£'{G) into an algebra. It is readily seen that the subspace £'{G,K) of left 
and right i^-finite elements in £'{G) is closed under convolution, hence a 
subalgebra. Likewise, the subspace £'j^{G) of distributions with support in 
-fC is a subalgebra, and so is the intersection 

M{G, K) := £'k{G) n £'{G, K). (1.1) 

The latter is also called the Hecke algebra of the pair (G, K) and is sometimes 
denoted by IHI for simplicity. 

From Lemma ll.ll we obtain the continuous linear map 

£'{G,K) ^ ¥.nd{VK)K-KK, u ^ tt{u) (1.2) 

which intertwines the (g x 3, x iir)-actions. Here the space on the right 
is equipped with the weakest topology for which the K x ET-equivariant 
projections of finite rank are continuous. By application of Fubini's theorem 
we see that vr is a morphism on the convolution algebra G^{G, K), which 
is a dense subalgebra of £'{G, K). 

By separate continuity of * and continuity of (|1.2p . it now follows that 
the map (|1.2p is a homomorphism of algebras. 
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Fix normalized Haar measure dk on K. Then each ip G C{K) defines a 
distribution ipdk in £'j^{G), given by 

{ipdk,f)= [ ^{k)f{k)dk. 

JK 

For a given representation 7 G K^, we define the distribution € EI by 
= dim(7)x7v dk, where x-y^ denotes the character of the contragredient 
7^ of 7. Moreover, for 9 C a finite subset, we define the element G H 

by 

aQ := y ^ a^. 

The functions ae, viewed as elements of H, will later be seen to define an 
approximation of the identity in H. 

Let 01,6*2 C be finite subsets. We agree to write £'{G, K)q^0^ for the 
space of distributions (p £ £'{G, K) satisfying 

Then £'{G, K)q^q^ consists of the distributions in £'{G, K) of left i^-type in 
9\ and of right K-type in 62 = {7^ I 7 ^ ^2}- Similarly, we write 

C^{G,K)e,e, ■= C^iG,K) n £'{G,K)0,0„ and 

me,e^ := M n £'{G,K)0^e2- 

so that, for all admissible G-representations (tt, and {t,U), 

Ilom{U,V)eie2 - Hom(C/e2>^ei), 

naturally. Viewing Hom(C/, V)kxK — Vk<Si(U*)k as a (g Xfl, x ii')-module 
in a natural way, we see that 

Bom{U, V)g^e2 = Hom(C/, V)0^^0y. 

In particular, it is readily seen that 

7r{£'{G,K)e,0,) C End(y),,,, ~ End{VK)e,e2- 

Here we note that End{VK)KxK C End(F), naturally. 

Proposition 1.2. For any admissible representation (tt, F) ofG, 

7r(C~(G,i^)) = 7ri£'{G,K)) = 7r(H). 

Proof. We denote the three given subspaccs of End(Vft')_ft'x_ft: by E^o, E^i and 
£'h respectively. Let /3 be the K-equivariant bilinear form on 'EndiyK)KxK 
given by 

P{A,B) = U{AoB). 

By admissibility of tt it follows that (3 defines a non-degenerate pairing, 
which is perfect when restricted to End(Vft-)e6i, for 6 any finite subset of K'^. 
Therefore, it suffices to show that the /3-orthocomplements E^, E^, and H-*- 
are equal. Thus, let T G FjiLd{VK)KxK- Then it suffices to show that the 
following assertions are equivalent: 
(i) trT7r(a;) = 0, for all x e G; 
(fi) trr7r(/) = 0, for ah / G 
(in) trT7r(/) = 0, for all / G £'{G,K); 
(iv) trTTrj/) = 0, for all / G M. 
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Obviously, (i) implies (ii). By density of C^{G, K)qq in £'{G, K)qq, for every 
finite subset C K^, if follows that (ii) implies (iii). Moreover, (iii) implies 
(iv). We will finish the proof by showing that (iv) implies (i). 

Assume (iv). For x G G, we define M{x) := trTTr{x). By admissibility 
and K x i^-finiteness of T it follows that M is an analytic function on G. 
From (iv) it follows that (/, M) = for any / G H. Fix a finite subset 
e CK^ such that M G G^{G, K)ee. Then M = * M * ag. Let u G C/(g), 
and set 

f ■= ae* {Lu5e) * G H, 
where 5e is the Dirac measure at the unit element e of G. Then 

= (/,M) = {Lude,M) = {LuM){e). 

By analyticity this implies that M vanishes on the identity component Go 
of G. By ET-stability of H, we deduce that M vanishes on KGq. Since G is 
of the Harish-Chandra class, this means that M = on G. □ 

Corollary 1.3. Let (vr,!/) he an admissible representation of G and assume 
that 6i and 02 are finite subsets of K^. Then 

7r{C^{G,K)g,g,) = 7ri£'iG,K)g,e,) 

= 7T{m)nEnd{VK)e,e2 

Proof. This follows from Proposition II . 21 bv using iiT-equivariant projections. 

□ 

2. HOLOMORPHIC FAMILIES OF REPRESENTATIONS AND THEIR 

DERIVATIVES 

Let t) be a finite dimensional real linear space. For any open subset Q 
of its complexification dc, we denote by 0(0) the space of holomorphic C- 
valued functions on fi, endowed with the topology of uniform convergence 
on compact subsets. 

For /i G Oc, we denote by the algebra of germs at n of holomorphic 
functions defined on a neighborhood of /x. For any il. as above, /i G and 
/ G 0{Q), the germ of / at is denoted by 7/^(7) G O^. 

Let V = V{v>c) denote the algebra of polynomial functions Dc C Then 
the map p i->- 70 (p) is an embedding of algebras, V ^ Oq. Accordingly, we 
shall view V subalgebra of Oq. 

The ring Oq is local; its unique maximal ideal A4 consists of the elements 
vanishing at 0. An ideal I < Oq is said to be cofinite if the quotient Oq/X 
is finite dimensional as a vector space over C. For /c G N, let Vk denote the 
space of polynomial functions Dc ^ C of degree at most k. Then 

OQ = Vk®M''+\ (2.1) 

Therefore, the ideal Al*^^^ is cofinite in Oq. 

Lemma 2.1. Let Z be an ideal in Oq. Then the following assertions are 
equivalent: 

(a) the ideal X is cofinite; 

(b) there exists a k ^'N such that M.'''^^ C X. 
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Proof. As M'^^^ is cofinite, (b) implies (a). Conversely, assume (a). 

The space V = Oq/I is a finite dimensional vector space, and an Oq- 
module for left multiplication. The associated algebra homomorphism Oq — )• 
End(y) is denoted by A. As Oq is a commutative algebra and V is finite 
dimensional, there exists a positive integer p such that the module V de- 
composes as a finite direct sum of generalized weight spaces 

V^:= fl ker(A(/)-x(/)idyr 

with X ^ ^0 '■= Hom(Oo,C). Since Oq is a local ring with maximal ideal 
Ai, the set Oq of characters consists of the single element xo- 9 5(0)- It 
follows that V = V^^, so that (/ - f{0))P £ I for all / G Oq. In particular, 
fP £ Z for all / G Al. As an ideal, A4 is generated by n elements. Hence, 
A^^+i C I, for k>np-l. □ 

2.1. The derivation process. For each vector X € D we denote by dx 
the first order differential operator given by dxf{a) = + zX)\z=o for 

a G Dc and f a holomorphic function defined on a neighborhood of a in 
Dc- The map X i-t- (9x has a unique extension to an algebra isomorphism 
u du from the symmetric algebra S{v) of Dc onto the algebra of constant 
coefficient (holomorphic) differential operators on Dc- We will follow Harish- 
Chandra's convention to write 

(p{a]u) := duifia), (2.2) 

for if a holomorphic function defined on a neighborhood of a. 
We define the pairing ( • , • ) between Oq and S{ti) by 



Co X 5(0) ^ C 



(2.3) 



For a given cofinite ideal X <] Oqi let 5'x(tj) denote the annihilator of I in 
5(0) relative to this pairing. For /c G N, let S'fc(t)) be the linear subspace of 
S'(t)) consisting of the elements of order at most k. 

Lemma 2.2. Let A; G N. Then 

(a) Sfc(t)) = S^k+ii^); 

(b) i/ie pairing 112. 3\) induces a perfect pairing {Oq / A4^^^) x Sk{v) C. 

Proof. The pairing ( • , • ), defined in (|2.3p . vanishes on M'^^^ x S'fc(o). Thus, 
S'fc(D) C S_Mk+i{t}). 

From the decomposition Oq = A4^^^ © T'a,., and non-degeneracy of the 
pairing, it follows that Sj^k+i{V)) ^ VI. In particular, the dimension of 
Sj^k+i{ti) does not exceed the dimension of Vk, which in turn equals the 
dimension of Sk{ii). Assertion (a) now follows. 

It also follows that the induced embedding 5fc(ti) = Sj^k+i{ti) ^ "P^ ~ 
{Oq/A4^^^)* is an isomorphism onto. By finite dimensionality, this implies 
assertion (b). □ 

Lemma 2.3. Let I be a cofinite ideal of Oq. Then the pairing i2. 3\) induces 
a linear isomorphism Sx{\}) ~ (Oq/I)*. 
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Proof. By Lemma 12.11 there exists a /c E N such that Ai^^^ C X. This 
inclusion induces an embedding of (Oq/I)* into {Oo/Ai^~^^)*. In view of 
Lemma 12.21 it follows that the pairing induces an embedding (Oq/I)* ^ 
5(d). Its image is contained in the annihilator S'x(d), by definition of the 
latter. On the other hand, the pairing induces an inclusion Sx{^) ^ Oq 
and elements of 5x(t)) vanish on I, so that 5x(t)) ^ {Oq/I)*- The result 
follows. □ 

For G Dc we denote by the translation in dc given hy v ^ u + ^. 
We note that the pull-back map T*:ip i— > (/? o induces a ring isomorphism 
from onto Oq. 

Let X < Co be a cofinite ideal and let 0, be an open subset of Oc- Then 
for every / € 0(17) and each ^ S $7 we define 

Jxfif,) := pri(7o(r;/)) G Oq/X, (2.4) 

where prj denotes the projection of Oq onto Oq/Z. 

In the following lemma, which is a straightforward consequence of the 
definitions, ( • , • ) denotes the pairing induced by (j2.3p . see Lemma [231 

Lemma 2.4. iei / G 0(17). T/zen /or a// fi e fl, 

{Jxf{fi),u) = f{fi-u), u(£Sx{v>). 

Corollary 2.5. The map f Jxf defines a continuous algebra homomor- 
phism from 0(f7) to 0(17, Oq/X). 

Proof. Let n G S{t)). For every / G 0(Q), the function 9^/ = f{-;u) belongs 
to 0{n). Moreover, the map du is a continuous linear endomorphism of 
0(0). In view of Lemma |2.4[ it follows that for each G {Oq/I)* the map 
/ I— 7> Co[Jx(/)] is a continuous linear endomorphism of 0(0). By finite 
dimensionality of Oq/X, it follows that Jj is continuous. 

The assertion that Jj is an algebra homomorphism follows from combin- 
ing the observations that T*, 70, and prj are algebra homomorphisms. □ 

Example 2.6. Let ^ G Oj!;. Denote by the holomorphic function on Dc 
given by: 

e«(^) :=e«(^), /i G Dc- 
In terms of the canonical identification of the symmetric algebra 5(0) with 
the algebra V{X)^) of polynomial functions on Oj!; we have (J^e^ = n(^)e^, 
for u G S{X)). Hence, if X is a cofinite ideal in Oq, then for all ^ G Dc ^-nd 
u G 5j(d), 

(i) (Jxe«(/i),n) = n(e)e«(^), 
(n) Jxe^ (/x) = e^(^) pr^ o 70 (e^). 

Definition 2.7. Let £^ be a finite dimensional Oo-module. For every / G 
0(0) and all G O, we define f^^\ii) G End(^) by: 

/(^)(;u)e:=7o(X;/)-e, eG& 

Example 2.8. If ii^ = Oq/X for some cofinite ideal X of Oq, then, for any 



Jx/(/i) = /(''H;u)(l+X), ;UGa 
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Let A be an algebra and E an ^-module. We denote by annA(E) the 
annihilator of E in A, i.e., the kernel of the natural algebra homomorphism 
A End(£'). If E is finite dimensional, ann^(£') is a cofinite ideal of A. 

Lemma 2.9. Let Q C tic be open, and let E be a finite dimensional Oq- 
module. Then for every f S 0{Q) and all fj, £ fl, 

(a) /(^)(/i)e = Janno(,(£;)/(^) • e, for all e £ E; 

(b) (r;/)(^) = r;/(^). 

Proof. These formulas follow by straightforward computation. □ 

Lemma 2.10. Let E be a finite dimensional Oq -module and let r] G End(i?)*. 
Then there exists an element u = £ S{^) such that 

riof^^)=duf, 
for every open $7 C Dc o-'f^d all f G 0{Q). 

Proof. It suffices to prove this for rj = e* ^ e, with e* € E* and e £ E. Then, 
for / £ 0{n) and X £ n, 

7?o/(^)(A) = e*(7o(r,7)-e). (2.5) 

Let I be the (cofinite) annihilator of e in Oq. Then the linear functional 
L: (p ^ e* {if ■ e) on Oq factors through a linear map Oq/X C. Hence, in 
view of Lemma 12.31 there exists an element u £ Sx{'o) such that L{Lp) = 
du^{0) for all ip £ Oq. It follows that the expression on the right-hand side 
of (lisi) equals (9n/(A). □ 

We shall also need a kind of converse to the above lemma. 

Lemma 2.11. Let F C S{\}) be a finite subset. Then there exists a finite 
dimensional O^-module E, and linear functionals r]u £ End(ii^)*, for u £ F, 
such that 

for every u £ F, every open C Oc and all f £ 0{n). 

Proof. By taking direct sums of finite dimensional Oo-™odules we may re- 
duce to the case that F consists of a single element u £ S{v). Let k be the 
order of u. Then if i-^ (p{0;u) defines a linear functional e* on Oq/I, for 
I = A^'^+i. We put E = Oq/X and let e denote the image of 1 € Co in E. 
Let T] = e* ® ehe the linear functional on End(£') defined by T i— )• e*{Te). 
Then for all / £ 0{Q) and all A G $7 we have 

^o/(^)(A) = r?(7o(r;/)) = e*(7o(r,7) • e) = dMnfW) = duf{\). 

n 

We retain the assumption that Vt is an open subset of dc- 

Corollary 2.12. Let E be a finite dimensional O^-module. Then f ^ f^^^ 
is a continuous algebra homomorphism from 0{Q) to 0(0, End(-E)). 

Proof. The map is an algebra homomorphism by Lemma [2.91 (a) and Corol- 
lary 12.51 The continuity is an immediate consequence of Lemma 12.101 □ 
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We agree to use the fohowing notation for the map of Corollary 12.121 

j{E).f^f{E)^ 0{n) ^ 0{n,End{E)). (2.6) 

The following property is an immediate consequence of the definitions; here 
we keep in mind that End{E) © End(F) ^ End(£' © F), naturally. 

Property 2.13. Let E, F he two finite dimensional Oo-modules. Then for 
every f G 0{Q), 

f{ES)F) ^ j{E) ^ j(F)^ 

To prepare for deriving more properties of the map 

J{E) 

, we formulate a 

few results on finite dimensional Oo-modules. 

Lemma 2.14. Let E he a finite dimensional Oo-module. Then E is cyclic 
if and only if there exists a cofinite ideal Z of Oq such that E ~ Oq/T. 

Proof. Straightforward. □ 

Corollary 2.15. Let E he a finite dimensional Oo-module. Then there exist 
finitely many cofinite ideals Ii, . . . ,I„ of Oq such that E is a quotient of the 
direct sum Oq/Xi © • • • © Oo/Xn of Oo-modules. 

In particular, there exist k,N N such that E is a quotient of the Oq- 
module {Oo/M''+^)^ for some A;, iV G N. 

Proof. The first assertion results from the previous lemma. The second 
follows from Lemma |2.1[ □ 

Besides the decomposition (j2.ip . we have the following decomposition of 
r = p(t)e), for G N, 

V = Vk®{MnV)''+\ (2.7) 

Hence, the embedding V ^ Oq induces, for each A; G N, an isomorphism of 
algebras 

ik-- V/{MnV)''+^ ^Oo/M''+\ (2.8) 
It follows that V / (MnV)^^^ is a local ring, with unique maximal ideal equal 
to {Mn V)/{M n Vf+^. Thus, if X C P is an ideal with {M n Vf+^ C X, 
then Xc M. 

Lemma 2.16. Let X he an ideal of V. Then the following assertions are 
equivalent: 

(a) there exists a k such that {M D V)''^^ C X; 

(b) there exists an ideal X <\ Oq of finite codimension, such that X = 

xnv. 

If any of these conditions is fulfilled, then the ideal X in (h) is unique and the 
emhedding ofV into Oq induces an isomorphism of algehras V/X Oq/X. 

Proof. Assume (a). The image X' of X in V /{M fl V)^^^ is an ideal. Its 
image ik{X') is an ideal of Oq/ Jvl^~^^ . Let X be the preimage of ik{X') in Oq. 
Then the following diagram commutes 

V/{M^Vf+^ Oq/M''+^ 
p g 
V/X Oq/X. 
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Here i is induced by the inclusion map V ^ Oq. The kernel of p equals Z' 
and the kernel of q equals ifc(X'). As is an isomorphism of algebras, it 
follows that i is an isomorphism of algebras, and (b) is immediate. 

Conversely, assume (b). Let Ij < Oq be ideals such that Z = Zj (1 V, 
for j = 1,2. We will complete the proof by showing that (a) holds and that 
Zi = Z2. 

Since Zi and Z2 are cofinite, there exists a constant A; € N such that 
M''^^ C Zj, for both j = 1,2. Therefore, 

{M n V)^+^ C nv) cZ 

and (a) follows. Moreover, for each j = 1,2 we have the following commu- 
tative diagram: 

v/z O^/Zj. 

From the assumption on Zj it follows that the map ij is injective. Moreover, 
since ik and qj are surjective, it follows that \j is an isomorphism of alge- 
bras, for j = 1,2. This implies that ifc(kerp) = ker(qj). Since Zj equals the 
preimage of ker((7j) in Oq, for j = 1, 2, it follows that Zi = Z^- □ 

Let FMog denote the category of finite dimensional Oo-modules and FM-p 
the category of finite dimensional modules E for which there exists a A; S N 
such that 

{M^Vf^^ C ann7,(^). 

If E, F belong to FM-p then the FMp-morphisms are defined to be the V- 
module homomorphisms E F. We observe that their kernels and images 
belong to the category FM-p as well. 

If £^ is a finite dimensional Oo-module, then its annihilator Z is cofinite. 
Since V ^ Oq, the space £' is a finite dimensional module as well and 
its annihilator Z := annp(i?) in V is given hy Z = Z OV. Furthermore, by 
Lemma l2. 1 1 there exists a /c € N such that 



{MnV)''+^ C annp(^). 

We conclude that there is a well-defined forgetful functor T: FM^q FM-p. 

Lemma 2.17. The forgetful functor J-": FM^^ FM-p is an isomorphism 
of categories. 

Proof. Let E he a non-trivial T'- module from the category FMp. We will 
first show that E carries a unique compatible structure of Oo-™odule. 

The ideal X = annp(i?) satisfies condition (a) of Lemma l2.16l hence equals 
V nZ for a unique cofinite ideal Z <\ Oq. Via the isomorphism 'P/I ~ Oq/Z 
we equip E with the structure of Oo-module; this establishes existence. 

For uniqueness, assume that E is equipped with a compatible structure 
of Oo-module. Let Z' be the annihilator of E in Oq. Then Z' is cofinite and, 
by compatibility, Z = Z' DV. By the first part of the proof, we see that 

13 



X' = X. Furthermore, by compatibility it follows that the diagram 

V/X 



Oo/X > End{E) 

commutes. The vertical arrow is induced by the inclusion V Oq and 

represents an isomorphism. This establishes uniqueness. 

It follows from these considerations that each submodule of E in the 
category FM-p is a submodule for the associated compatible structure of 
C>o-niodule as well. 

For E a finite dimensional P-modulc from FM-p, let G{E) denote the 
same space with the uniquely defined compatible structure of Oo-module. 
If Eq is a submodule in the category FM-p, then by what we said before, 
Q{Eo) is an Oo-submodule of Q{E). The quotient Q{E)/Q{Eq) is an Oo- 
module in a natural way, whose Oo-module structure is compatible with 
the P-module structure of E/Eq. Hence, Q{E)/Q{Eo) = g{E/Eo). It now 
follows that every morphism f:E — > F in the category FMp is an Oo- 
modulc homomorphism g{E) — t- g{F). We thus see that Q defines a functor 
FM-p FMo,, , which obviously is a two-sided inverse to J-. □ 

Corollary 2.18. For every pair E, F of finite dimensional Oo-modules, 
}iomoa{E,F) =Hom-p(^,F). 

Our next objective is to consider tensor products in the categories FM-p 
and FMoo- 

Let 77, G N* and consider the n-fold Cartesian product oj^ of Dc. Projection 
onto the j-th coordinate is denoted by pr^. Pull-back by pr^- defines an 
embedding of algebras pr^: p i-> popij, V — >■ 'P(Dc)- The multi-linear map 



{pi,...,Pn) ^ Wv^^jiPj) 



j=i- 

induces an isomorphism of algebras p®" — > 'P(t)"), via which we shall iden- 
tify the elements of these spaces. Accordingly, 

(pi (X) • • • (g)p„)(/ii, ...,fln)= • ■■PnilJ'n), 

for pj £ V and /ij G Dc- The maximal ideal Ai-p^n in consisting of the 

polynomials vanishing at is now given by A4pm = X^"=i ■M.v,n,ii where 

i 

Lemma 2.19. Let Ei,...,En be finite dimensional V -modules from the 
category FM-p. Then Ei<Si- ■ -^E^ is a V®'^ -module from the category FM-pigm . 

Proof. There exists a G N such that [M. n ■p)'=+^ annihilates each of the 
modules E'j, for 1 < i < n. It is now readily checked that 

(A1p®n)"-(''+^) C ann-p®„(£'i En). 

□ 
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We consider the map 

a„: o" ^ dc, (/ii, . . . ,^„) 1-^ /ui H \- fin- 

Pull-back by a„ induces an algebra homomorphism 

<: V V^'". (2.9) 



Lemma 2.20. The homomorphism a* maps the maximal ideal M DV of 
V into the maximal ideal M-p^n ofV®^. 

Proof. The ideal Air\'P \s generated by the first order polynomials ^ £ 0*. 
Now 

an(0 = J]]l(X)---®l(8)^OlO---(8)l, (2.10) 

i=l 

and the result follows. □ 

Corollary 2.21. Let n G N*. Via the homomorphism i2.9\) . every finite di- 
mensional V®"" -module from the category FM-p^n becomes a V -module from 
the category FM-p. 

Proof. Let -E be a non-trivial module from the category FM-p®n . Then there 
exists a A: € N such that 

(TMp®™)^"*"^ C ann-p»n(E'). 
By application of the previous lemma, we obtain 

a^HMnV)''^^) C ann-pe>n{E). 
The "P-module structure on E is defined by: 

V — ^ P®*^ ^ End{E). 

From this we see that ann-p(ii^) = a*^^(ann-p«n(ii^)) and we infer that 

{MnV)^^^ C annp(^). 

□ 

Remark 2.22. If is a finite dimensional "P-module, we define 

ruE: V — > End(^) 

by mE{p)e := p ■ e, for p € V and e G E. 

If El,-- - ,En are finite dimensional modules from the category FM-p, 
then by combining Lemma 12.191 and Corollary 12.211 we may equip the tensor 
product Ei^ - ■ - ^En with the structure of a module from the same category 
FM-p. The module structure is given by the rule 

mEi®-®Er, = {mEi ® • • • 18) mEjoa^. (2.11) 
In view of ()2.10p this module structure is completely determined by the rule 

"mEiiSi-^E^iO = 
n 

= ^idiJi0---®idE,_, 0mE,(C)0id£,+, 0---OidB„ (2.12) 

1=1 

for ^€V*CV. 
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Accordingly, if i^i, . . . , En are finite dimensional Oo-rnodules, then in par- 
ticular they are "P-modules from the category FMp. We equip the module 
Ei^- ■ -^En from FM-p with the unique compatible structure of Oo-module. 

Lemma 2.23. Let Ei, . . . ,En be finite dimensional Oo-modules. Then, as 
Oo-modules: 

El (g) ■ ■ ■ En ^ El (g) {E2 (E> ■ ■ ■ (S) En). 

Proof. In view of Remark 12.221 it suffices to establish the identity as an 
identity of 'P-modules. Thus, it suffices to show that 

mEi^---(g)E„ = mE^®{E2®-®En)- (2-13) 

Since 0^ generates P, it suffices to check this identity on any element ^ € 0*. 
This is easily done by using the identity (j2.12p . □ 

We return to the setting of an open subset C Dc and resume our study 
of the map J^^^: f ^ /(^), 0{n) 0{n,End{E)), introduced in for 
E a finite dimensional Oo-module. 

Lemma 2.24. The restriction to V of the map 

jiE) 

is given by 

In particular, this restriction maps V into V <S) End(i?) . 
Proof. Let p € V. For any /x G Dc, we have T*p € V, and for any e € E, 
p(^)(^)e = {T*p) ■ e = mE{T*p)e. 

Hence, 

(ev^ 0idEnd(£;))°«/*-'^V = "iBo^^l-p- 
Viewing ev^ ® idp as a P- valued function on V ®V, we may identify the 
map T* with (ev^ ® id-p) o on V. Using the relation 

rriE o (ev^ (g) idp) = (ev^ (g) idEnd(£;)) ° (id-p ^ ruE), 
we obtain the assertion of the lemma. □ 

Proposition 2.25. Let Ei and E2 be two finite dimensional Oo-modules. 

Then, for every f G 0{0,), 

Proof. By density of V in 0(17) and continuity of the maps j(-^i®-^2) g^^id 
(g) idEnd(£;2)) ° J^^^\ see Corollarv 12.121 it suffices to establish the 
validity of the identity on a fixed element p £ V. 

By definition of J^^'^\ we have evQo = ruEiiq) foi' sach q £ V. 

Using Lemma 12.241 we obtain 

(j(^i)®idEnd(B2)>^'''H0) = (miJ, ®idEnd(i?2))P^'''^ 

= {niE-, (g idEndCEa ) ) ° (idp mE2 ) (02^) 
= {niE^ fS) ruE^) ° a2ip) 

The result now follows by translation invariance (see Lemma l2.9r b)). □ 
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Proposition 2.26. Let Ei, . . . , En be finite dimensional Oo-modules. Then, 
for every f € 0{Q), 

(^j(^l) O • • • O J^-^")^ (/) = f{El®-®Er,) ^ 

In the formulation of this proposition we have slightly abused notation, 
by using the abbreviation for j('^fc) (g) idEnd(£;fc+i) ® ' " ® ''^'^'End(En)- 

Proof. In view of Lemma l2.23t the result follows by repeated application of 
Proposition YTM □ 

Let A G Oc- By X\ we denote the subset of Oq consisting of all elements 
(p ^ M. satisfying 

dx<p G M. (2.14) 
By Leibniz's rule, T\ is an ideal of Oq containing A^^. 

Lemma 2.27. Assume A 7^ 0. Then X\ is an ideal in Oq of codimension 2. 
IfC^^c is such that ^(A) 7^ 0, then Oq = CleCC®I\. 

Proof. Fix a basis ^1, . . . , ^at for ti^ such that ^1 = ^ and such that (A) = 
for j > 1. The monomials 

form a basis of the complex vector space V. Consider a polynomial p G V 
and write p = X]/3 c^^'^j with G C. Then by an easy calculation we find 
that 

p{0) = Co and dxp{0) = C(i,o,...,o)6(A). 
It follows that p belongs to Ix if and only if C/3 = for /? = and for 
/? = (1, 0, . . . , 0). This implies that V = CleC^iS (IaHP). By Lemma[2T6] 
the inclusion map V ^ Oq induces an isomorphism of algebras V / (IxCiV) ~ 
Oq/Ix- All assertions follow. □ 

Let Xi, . . . ,X„ be a collection of ideals from V containing {A4 R V)^'^^ 
for some A; G N. Then the algebra homomorphism a* : 7^ — )■ "P®" induces an 
algebra homomorphism 

by composition with the natural projection from P"^" onto the quotient 
algebra on the right. 

Lemma 2.28. Let A G t)c\{0}, and let! <V he an ideal with {Mr\Vf^^ C 
X for some A; G N. Then the kernel of 

al: V ^V/X®{V/Xxr\V) 

is equal to {p £ X \ dxp G X}. In particular, this kernel contains nV. 

Proof. The last assertion follows from the first one by application of the 
Leibniz rule. We turn to the proof of the first assertion. 

We fix a basis ^1 . . . ,Cn of dj!; as in the proof of Lemma 12.271 and adopt 
the notation of that proof. Let Xi, . . . , X]\f be the dual basis of Dc- We note 
that A is proportional to Xi. Our first goal is to obtain a suitable formula 
for 03. 
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Let p ^ V and fi £ t>c- Using Taylor expansion at fi we find, for all € dc, 



(where := xf ^ • • • and /3! := • • • /Jjv!). From this formula we 
deduce that 

"2(P) = 2^ — ^] — 

In view of the characterization of Ix in the proof of Lemma \2.27\ we now 
see that 

a2{p) =p0l+pi-;Xi)0Ci m.od V ®{Xxr\V). (2.15) 

Furthermore, again by Lemma [2.271 we have P = CI © C^i © {X\ r\V), so 
that V®'^ = [V (S) (CI © C^i)] © (g) (Za n P)]. Accordingly, the natural 
projection map V/I (g) "P/ (Z^ n V) has kernel equal to 

[i^iCKBC^i]] (B [V^ilxCiV)]. (2.16) 
Combining ()2.15p and (|2.16p . we finally see that (p) = if and only if 

p0l+p(-;Xi)©6 eX©(Cl©Cei), 
which in turn is equivalent to p € I and dxp (zl. □ 
Lemma 2.29. Let Ai, . . . , A„ € Dc \ {0}. If n> 1, the kernel of 

al: V {V/ix, n P) • • • © {v/ix^ n V) 

equals the kernel of a2*'-'P — > (P/ ker a*_;^) © {V /Tx^ HP), where ci^_i 
denotes the composition on the left of the algebra homomorphism a'^_i with 
the projection ^^(""i) ^ {V /Zx^ n © • • • © {V /Zx^-^ n V). 

Proof. The map induces an embedding (denoted by the same symbol) 

a:„i:P/kera:_i ^ {V /Zx,r\V) ® ■ ■ ■ {V /Zx^_,r\V). 

Moreover, the following diagram commutes 

V {v/Zx, n p) © • • • © {v/Zx^ n v) 

(P/kera;_i)©(P/ZA„nP) 
Thus, kera* = kerQ!2. □ 

Lemma 2.30. Let Ai, . . . , A„ G Dc \ {0}. Then the kernel of 

al-.v^ {v/Zx, n p) © • • • © {v/Zx^ n v) 

consists of the elements p of Ai CiV satisfying p{ • ; Aj^ • • • A^J G Ai, for 
all 1 < I < n, 1 < ji < ■ ■ ■ < ji < n. In particular, this kernel contains 
n V. 
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Proof. The final statement follows from the first by repeated application of 
the Leibniz rule. We prove the first statement by induction on n. If n = 1, 
then al is just the projection V V jXx^ n T', and ker(aj) = Xx^ nV = 
{p G nV I p{- ] \i) & M.}. Let n > 2 and assume the statement to be 
valid for smaller values of n. Using Lemmas 12.281 and 12.291 we find that 

ker(Q* ) = {p gV \ p G ker a*_| and dx^p G ker a*_i}. 

By the induction hypothesis it follows that ker(a* ) consists of all polynomi- 
als p € MnV such that for all 1 < / < n — 1 and all 1 < ji < ■ ■ ■ < ji < n — 1 
the polynomials p{ ■ ; Xj^ ■ ■ ■ Xji) and p{ • ; Aj^ • • • Aj,A„) = dx„pi ■ 'Aji ■ ■ ■ AjJ 
belong to Ai. This implies the result. □ 

Proposition 2.31. 

(a) Let El, ... , En be finite dimensional Oo-modules. There exist N, k G 
N such that Ei ® ■ ■ ■ En is a quotient of the Oo-module 
Oq/M''^'^ (action on the second tensor component). 

(b) Let Z be a co finite ideal of Oq. There exist Ai, . . . , A„ G Dc such that 
the algebra homomorphism 

a*n. V {v/ix, n ® • • • {v/ix„ n V) 

satisfies ker a* C X. In particular, the Oo-module Oq/Z is a subquo- 
tient of (Oo/Zx,) • • • ® {Oq/ZxJ. 

Proof. Assertion (a) follows from Corollarv 12.151 and (|2.8p . For the second 
assertion, we note that by Lemma 12.171 there exists a number A; G N such 
that (A^nP)'=+i CZnVcM. Fixabasis{Xi,...,X7v}oft). Put n := kN 
and 

Xkj+i := Xj for < J < iV - 1 and 1 < 2 < /c. 
By Lemma 12.301 the ideal ker q* is equal to 

{p e MnV \ p{-;Xj^ - ■ ■ Xji) e M, I <l <n, 1 < ji < ■ ■ ■ < jj < n}. 

Hence, if p G ker a*, then 

p{0;X^) = 0, \(3\<k. 

This implies that p G {A4 (IV)^'^^. Thus, ker a* C Z. In particular, it 
fohows that the P-module V/iZnV) is a subquotient of (V/Zx-, CiV) ■ ■ ■ <S) 
(V/Zx„ nV). The final assertion now follows by application of Lemmas 12. 161 
and [2Tn □ 

2.2. Holomorphic families of continuous representations. We retain 
our assumption that Q is an open subset of the finite dimensional complex 
linear space Dc. 

If X is a locally compact Hausdorff space, and V a locally convex (Haus- 
dorff) space, then by C{X,V) we denote the space of valued continuous 
functions on X, equipped with the topology of uniform convergence on com- 
pact subsets. If V is quasi-complete, then C{X, V) is quasi-complete as well. 

Let y be a quasi-complete locally convex space. The subspace 0{Cl,V) 
of y- valued holomorphic functions on Q is closed in C{il,V) hence quasi- 
complete of its own right. For our further considerations, it is important to 
note that the algebraic tensor product P(dc) (8) is dense in 0{Q,V), see 
Lemma lA.ll 
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If V, W are locally convex spaces, we write Hom(y, W) for the space 
of continuous complex linear maps V ^ W. This space, equipped with 
the strong operator topology is locally convex again. Moreover, if V is 
barrelled and W quasi-complete, then Hom(y, W) is quasi-complete as well, 
see appendix, text before Lemma lA.4[ 

As usual, we write End(y) for Hom(y, V). Let ?7 be a third locally convex 
space. Then the composition map 

/3:Hom([/,y) x'Rom{V,W) ^}lom{U,W), {A,B)^BoA 

is bilinear and separately continuous. Moreover, if V is barrelled, then 
by the principle of uniform boundedness, /3 is continuous relative to (i.e., 
when restricted to) sets of the form Hom(C/, V) x C, with C C Hom(y, W) 
compact; see appendix. Lemma IA.4I Now assume that U, V and W are 
quasi-complete locally convex spaces. If U and V are barrelled, then it 
follows from the material in the appendix, see Lemma lA. 61 that the natural 
pointwise composition defines a bilinear map 

P,:0{n,}lom{U,V)) x 0{n,Rom{V,W)) ^ 0{n,Rom{U,W)). 

Definition 2.32. A holomorphic family of continuous representations of G 
over is a pair (vr, V) such that the following conditions are fulfilled: 

(a) y is a Frechet space. 

(b) vr is a continuous map from G to 0(^7, End(y)) satisfying: 

i'^) T^igm) = ■n-(,gi)iT{g2), 91,92 ^G, 

7r(eG) = Itt, where IwifJ-) = idv for all ^ € il; 
(2) for every k € K, the End(y)-valued function 7r{k) is constant 
on fi. 

A holomorphic family of smooth representations of G over is a family 
(vr, V) as above such that in addition 

{g,X)^7r{g){X)v, GxQ^V (2.17) 

is smooth for every v (zV. 

Remark 2.33. Given g & G and A E we agree to write Tr\{g) ■= 'TT{g){X). 
The condition that V is Frechet ensures that the principle of uniform bound- 
edness is valid. By application of this principle it follows that the map 

GxQxV^V, {g,X,v) ^ irxi9)v (2.18) 

is continuous and holomorphic in A. More generally we could have given the 
definition of a holomorphic family of continuous representations under the 
weaker assumption that V be quasi-complete and barrelled. All results of the 
present section and the next are in fact valid under this weaker assumption. 
However, in ^2.41 the assumption that V is Frechet will really be needed. 

Definition 2.34. Let (vr, V^) and (p, Vp) be two holomorphic families of con- 
tinuous representations of G over Q. A holomorphic family of intertwining 
operators, T, between (vr, K-) and {p, Vp) is an element of 0{^l, Hom(Vn-, V^)) 
satisfying: 

Tnig) = p{g)T, g€G. 
Definition 2.35. The category HFc is defined as follows. 
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(a) The objects are the holomorphic famihes of continuous representa- 
tions of G over Vt. 

(b) The morphisms are the holomorphic famihes of intertwining opera- 
tors between two objects. 

For any (vr, V^) € HFc, the identity morphism is the holomorphic family 1^ 
of interwining operators defined by: 

l^(A):=idv/^, AgJI. 

The composition T' oT of two (composable) morphisms is given by point- 
wise composition: {T' oT)\ = T'^oTx- It is again a holomorphic family of 
intertwining operators, by virtue of Lemma lA.61 

If V and W are locally convex spaces, and E a finite dimensional complex 
linear space, then the map (^1,^2) '-^ A10A2 induces a linear isomorphism 

End(^) (g) Hom(y, W) ~ Hom(^ ®V,E^W) (2.19) 

which we shall use for identifying these spaces. Accordingly, if V and W are 
quasi-complete, and V barrelled, then 

defines a continuous linear map 

0{Q, Hom(y, W)) 0{n, Rom{E ^V,E(S) W)) 
(see Remark I A. 7p . 

Definition 2.36. Let E he a finite dimensional Co-module. 

(a) For (vr, V) € HFc, we define vr^^^ to be the continuous map 

^{E)^j(E)^^. g^^^g^iE)^ G^O{n,End{E(g)V)). 

(b) For any morphism T: (vr, Vt^) — ^ (p, Vp) of HFg, we define 

rp{E) ._ j{E)^rj.-^ g 0(rj,Hom(^(8F^,^(gFp)). 

Proposition 2.37. Let E he a finite dimensional Oo-module. Then J^^^ 
defines a functor from HFg to itself. 

Proof Let (vr, F) G HFg- We will first show that {7r^^\E (g) V) G HFg. 
Let (3 denote the composition map in End(y). It is a bilinear map, which 
preserves holomorphy on fi, by Lemma lA.6[ Moreover, by Corollarv IA.12I 
we have, for all ffi , 52 G G, 

= (^(5i)vr(92))(^) 
= vr(ffi)(^)7r(<72)(^) 
= 7r(^)(5i)vr(^H52). 

Also, 7r(^)(eG) = l^f^ = 1^(b). For k e K, the End(y)-valued function 
7r{k) is a constant on and therefore, so is the End(i?(8>T^)-valued function 
7r(^)(fc) = 7r(/c)(^). Hence (b.l) and (b.2) of Definition [2321 are fulfilled. 

It remains to show that, for any morphism T: (vr, V-,^) — > (p, Vp) of HFg, 
T^-^) is a morphism of HFg from {7r^^\E (g) K) to ip^^\E (g) Vp). For this 
it suffices to show that, for g G G, 

r(^)vr(^)(5) = p(^)(5)r(^). 
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This follows from Corollary lA. 121 see also the first part of the present proof. 

□ 

The category HFc has a null object, (0, {0}), and one can define a biprod- 
uct in HFg as follows. Let (vr, {p, Vp) G HFc. Set, for any g e G, X ^ Q 

and {v, w) £Vn® Vp, 

{'n- ® p)x{g){v,w) := {iTx{g)v,px{g)w). 

Then (vr © 14- © V"p) defines an object of HFg. 

We define the full subcategory HF^ of HF^ by stipulating that the objects 
are the holomorphic families of smooth representations over (the set of 
morphisms between objects in HF^ coincides with the set of morphisms 
between the objects viewed as objects for the bigger category HF^. Likewise, 
the full subcategory HF^''"'^'^ of HF^^ consists of the objects (vr, V) of HF^ 
with Vk admissible. 

If (vr, V) € HFg, then the identity morphism 1,^ is constant as a End(y)- 
valued function on 0,. This enables us to define a particular subcategory. 

Definition 2.38. The subcategory "HFc of HFg is defined as follows. 

(a) The objects are the objects of HFg-. 

(b) If (vr,y) and {p,W) are objects of HFg, then the associated collec- 
tion of "HFc-morphisms consists of all HF^-morphisms T in 0(^7, Hom(y, W)) 
which are constant as a function on $7. 

In a similar fashion, we define the subcategories °HF^ and °HF~'^'''^ of 

HF^ and HF^''^*^™, respectively. 

Note that ojjp^'^'^™ ^ full subcategory of °HF^, which in turn is a full 
subcategory of °HFg. 

Remark 2.39. For every E G FMqo, the functor J^^^: HFg ^ HFg leaves 
all subcategories HFg", HF^''''^"', °HFg, "HFg" and °HF^''''^'" invariant. 

Lemma 2.40. Let ip: E ^ E' he a morphism in FM^p and let (vr, V^) he a 
holomorphic family of representations. Then -0 <8) lyr intertwines the families 

Proof. If / G 0{Q), then from the definitions it readily follows that 

V'o/(^)(/i)=/^')(/x)oV, ^Gf). 

From this and the identification End(£') ® End(K-) ~ End(-E (g) 14), it fol- 
lows that for all g' G G the map ip ® l-,^: E ® V-,^ — t- E' ^V-,^ intertwines 

^Pig) = vr(ff)(^)(/^) with vrf )(<7) = 7r(ff)(^')(M). □ 

The above lemma justifies the following definition. 

Definition 2.41. Given any (vr, 14) G obj(HFG), we define the functor X-,^ 
from FMoo to °HFg as follows. 

(a) For an object E G FMoq, the associated object of °HFg is given by 
X^{E) := (7r(^),^®K). 
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(b) For a morphism ip: E ^ E' of FM^g, the associated morphism of 
°HFg is given by 

Remark 2.42. It is readily checked that X^^ is a functor. Indeed, 
respects composition of morphisms, and X-,^{idE) = id£;^y^ = l-j^iE). 

As FMo,) is an abeUan category, we have the usual notion of finite direct 
sums and exact sequences in FMqq. 

The category Vect of complex vector spaces is abelian. If T: (vr, V) 
{p, W) is a morphism in "HFc, then there exists a unique linear map Tq: V 
W such that T(A) = Tq for all A € il. By abuse of notation we will write T 
for Tq. We thus have a forgetful functor °HFg Vect. 

The category °HFg is not abelian. Nevertheless, we may use the forgetful 
functor to define exact sequences 

Definition 2.43. A sequence {{7rk,Vk),Tk),p < k < q, in the category 
"HFc, where p,q £ Z,,p < q, will be called exact if its image under the 
forgetful functor "HF^ — > Vect is exact, i.e., the image of Tk-i equals the 
kernel of Tk for all p < k < q. 

Lemma 2.44. Let (vr,!^) G obj(HFG). Then the functor X^iFMog 
°HFg has the following properties. 

(a) It sends every short exact sequence ^ E ^ E' —?■ E" —?■ to a 
similar short exact sequence in °HFg. 

(b) It sends every exact sequence of the form —?■ E ^ E' in FMc)q to 
an exact sequence of similar form in "HF^. 

(c) It sends every exact sequence of the form E' — > E" —?■ in FMo^ to 
an exact sequence of similar form in "HF^. 

(d) It sends a direct sum of the form E = Ei® E2 in FMc)^ to a similar 
direct sum in "HF^. 

Proof. Let FDVect denote the (abelian) category of finite dimensional com- 
plex linear spaces. Then we have a forgetful functor T from FM^y to 
FDVect. A sequence in FMo^ is exact if and only if its image under T 
is exact in FDVect. According to the definition above, the forgetful functor 
J-': "HFc Vect has a similar property. 

Given U G Vect we define the functor X^/: FDVect Vect by Xu{E) = 
E (S) U for an object E of FDVect. A morphism f:E — t- E' in FMq^ is 
mapped to Xu{f) := f ® idij: E ®U ^ E' ®U. li \s readily seen that the 
functor Xu is exact, and has the obvious properties analogous to (a) - (d). 

Since F' oX-,^ = Xjn^^ y-joT, assertions (a), (b) and (c) of the lemma 
follow. For assertion (d) it remains to be shown that each natural embedding 
ij.Ej — )• E, for j = 1,2, is mapped to an embedding X^(ij) from X-,^[Ej) 
onto a closed subspace of X.,^{E). Let pj: E ^ Ej be the natural projection. 
Then by exactness of the sequence Ei E E2 it follows from 
the estabhshed assertion (a) that — > X.,^{Ei) —t' X.^{E) —t' Xt;[E2) ^> is 
exact. This implies that ^^^(ii) has closed image in X-,^{E). Likewise, X-,^{i2) 
is seen to have close image. □ 

Remark 2.45. In view of Remark \2.39l Lemma 2.44 ^o,s an obvious gen- 
eralization to objects from HF^ and from HF^'^^™. 
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Proposition 2.46. (a) Let Ei,..., En G FMog and set E := Ei^- ■ 

En- Then there exist N, k G N such that, for any object (vr, V^) in 
HFg (resp. RF^, HF^'^'^"';, the family (vr^^), S (g) K) is a quotient 
of 

in the category °HFg (resp. "HFg', OHF^'^'^™;. 
(b) Let E E FMop. Tften t/iere exisi Ai, . . . , A„ G dc suc/i i/iai, for any 
object (^,K) m HFg (resp. HFg, HF^''''^"';, the family {tt^^^E® 
Vtt) is a subquotient of 

(^((Oo/Xa,)®-®(Oo/X.J)^ (Oo AaJ • • • ® (Oo AaJ ® K) 
in i/ie category °HFg ("resp. °HFg, °hF^''''^"';. 
Proof. This follows from Proposition 12.311 combined with Lemma 12.441 □ 

2.3. Holomorphic families of admissible (g, i^)-moduIes. For the pur- 
pose of this paper, it is convenient to introduce the following notion of holo- 
morphic families of admissible (g, i^)-modules. Recall that is an open 
subset of the finite dimensional complex linear space dc. 

Definition 2.47. A holomorphic family of admissible (g, -fC)-modules over 
is a triple (7ri,7r2,y) satisfying the following conditions. 

(a) V is a complex vector space. 

(b) TTi is a map from U{q) x to End(y) such that 

(1) for each A G ^2, the map 7Ti{-, A) is a Lie algebra homomorphism; 

(2) for each u £ U{q) and every v £ V, the vector subspace of V 
generated by the tti{u, X)v, A G ri, is finite dimensional and the 
map A i-7> 7ri(u, X)v is holomorphic from Q into this subspace. 

(c) 7r2 is a Lie group homomorphism from K to GL(y) such that: 

(1) for each v G V, the vector subspace of V generated by the 
Tr2{k)v, k G K, is finite dimensional; 

(2) for ally eV, \en,u£ U{g), k e K and X £ t, 

■Ki{Ad{k)u, X)v = 7r2(/c)vri(n, A)f , 
|[7r2(exp(tX))t;]|,^o = ^i(X,A)t;; 

(d) for every 6 G K, the i^-isotypic component 7r2,5 of 7r2 of type 5 is 
finite dimensional. 

Remark 2.48. Let (tti, 7r2, V) be as in the above definition. Given A G we 
agree to write ttix for the map 7ri( • , A): U{q) — ?> End(F). Then (vri;^, 7r2, V) 
is an admissible (g, if)-module. 

We also need the following notion of holomorphic family of intertwining 
operators. 

Definition 2.49. Let {tti,it2,V) and {pi, p2,W) be two holomorphic fam- 
ilies of admissible (g, -ftr)-modules over il.. A holomorphic family of inter- 
twining operators between (7ri,7r2,y) and {pi, p2,W) is a function T: $7 — ?■ 
Hom(l/, W) satisfying the following conditions. 

(a) r(A)7ri(u,A) = pi{u,X)T{X), for ah A G and u G U{q); 

(b) r(A)7r2(A;) = p2{k)T{X), for ah A G and k K; 
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(c) for any finite dimensional subspace V of V, there exists a finite di- 
mensional subspace W of W such that T{X){V) C W for aU A G 0, 
and the associated function A H- T{X)\y belongs to 0{Q., Hom(F, W)) 

Let HF^g'^^^-j denote the corresponding category of holomorphic families of 
admissible (g, A')-modules. 

Let {Tr,V) be an object in the category HF^''**^™. Then for each A G il, 
u € U{q) and v £ V we may define 

it{u){X)v:= Luv{g ^ 'ir{g){X)v)\g=e. 

We put 7ri(n,A) = 7r(ti)(A)|v^, and 7r2{k) = iT{k)\vjc 

Lemma 2.50. Let (tTjV) G jjp^.adm '7ri,7r2 be defined as above. 

Then 

{Tr,V)K-= (vri,7r2, Vft-) 
is a holomorphic family in HF^^'^y Moreover, {t^,V) i-^ {tt,V)k de- 

fines a functor HF^'^'^" ^ ^^(s^y 

Proof. It follows from the smoothness of the map ()2.17p . the continuity of 
the map L„v: C°°{G) — )> C°°{G) and the holomorphy with respect to A, that 
99: A I—)- ■k{u){X)v defines a holomorphic function — )• Let now v G Vk 
and let 'd2 d K denote the set of iT-types appearing in the 7r(JC)-span of v. 
Moreover, let t?i be the set of iT-types which appear in the Ad(ir)-span of 
u. Finally, let '& be the union of the sets of iiT- types of 5i® 82, for 5j G "dj, 
j = 1,2. Then 93 has image contained in the finite dimensional subspace 
C Vk- It follows that if is holomorphic as a function Q ^ V^. This shows 
that (tti, 7r2, Vr-) satisfies condition (b)(2) of Definition 12.471 The other 
conditions of that definition are pointwise in A, and therefore consequences of 
the standard theory of assigning the (g, -ftr)-module of ET-finite vectors to an 
admissible smooth Frechet representation, see for instance [9l Lemma 3.3.5]. 
The latter assignment is a functor from the category of admissible smooth 
Frechet representations to the category of Harish-Chandra modules. This 
implies that (vr, V) i-)- (vr, V)k has functorial properties which are pointwise 
in A. This in turn is readily seen to imply that ( • )ft' is a functor as stated. □ 

We will now discuss the functor J^^^ on the level of holomorphic families 
of admissible (g, ii')-modules. 

Definition 2.51. Let E G FMo^. For any (7ri,7r2,F) G ^^^k) ^"Ple 

(J(^)7ri, J(^)7r2, J(^)y) (also denoted (^i^\ y(-^))) is defined as fol- 
lows. 

(a) J^^'^V := E^V. 

(b) J^^^TTi is the map from U{q) x to End(£' <^ V) given by 

j(^Vi(n, A)e (S)v:= {iri{u, ■ )t;)(^)(A)e, 

for u G U{q), X e Q, e e E, and v eV. 

(c) J(^)7r2 := idij (g)7r2. 

We now have functors j(^) on HF~'''^'^ and HF^^j]^). They are linked as 
follows. 
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Lemma 2.52. 

(a) For any E € FM^y, the assignment J^^^ defines a functor from 
HFft) to itself 

(b) The following diagram commutes: 

TTT^oo,adm ^ ' •'^ tjt? adm 



J(E) 



J(E) 



TTT^oOiadm TJT? adm 

Proof. Assertion (a) follows by similar arguments as in the proof of Proposi- 
tion l2.37l For (b), assume that (tt, V) is a family in HF^ Put (vr, V)k = 
(7ri,7r2, Vk), then 

j(^)((vr,yk) = (.f\vrf\(F^)(^)). 
On the other hand, J^^X-k.V) = (vr^^),^^^)) and 
(J(^)(^, = ((vr(^))i, (7r(^))2, 

Now y(^) = is equipped with the ii'-action on the second component, 

so that {V^^^)k = E0Vk = {Vk)^^\ Moreover, (A;) = Is vrsCfc) = 
1e Tr{k, X)\vi^ = T^^^\k, X)\e^Vk ~ (^^^^)2(^)- It remains to establish the 
identity 

^(E) ^ (2.20) 

Since both are representations of U{q) in E x Vk, it suffices to check the 
identity on a fixed element X G q. Fix e G E and v G V. We first observe 
that 

7r[^\x)v = {m{X, ■)v)^^^ = [j^7r{exptX){-)v]^''^\t=o. 

In view of the natural identification End(ii^) (8) 1^ — Hom(£^, E^V), we note 
that 

(7r(^))i(X, = |[7r(^)(exptX)(.>]|t=o 

= |[(vr(exptX)(.)«)(^)]|*=o. 
The identity ()2.20p now follows by application of the lemma below. □ 

Lemma 2.53. Let V be a quasi- complete locally convex space, and let 99: Mx 
Q, ^ V be a C^-map which is holomorphic in the second variable. Then 

|[v.(t,-)^^^] = [f (2.21) 

Proof. Let S be the space of C^-maps M x $7 — > y, equipped with the usual 
quasi-complete topology. Let 5o be the subspace consisting of functions in 5 
which are holomorphic in the second variable. Then is closed in S, hence 
quasi-complete. The identity (|2.2ip at (t, A) can be viewed as an identity of 
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continuous linear functionals on 5o. Hence, it suffices to check the identity 
on the dense subspace C^{M.) iS'0{il) ^V. This amounts to checking whether 

(4 / /) o (/ j(^) /) = (/ j(^) /) o (4- / ® /). 

at at 
The latter is obvious. □ 

2.4. Parabolic induction. Let g = fi©p be a Cartan decomposition asso- 
ciated with the maximal compact subgroup K and let 9 be the associated 
involution of G. Let o C p be a maximal abelian subspace, and let A = exp o. 
Let V{A) denote the collection of parabolic subgroups of G containing A. 
Let C{A) denote the collection of 0-stable Levi components of parabolic 
subgroups from V{A). 

Let D be a finite dimensional real linear space, and Q an open subset of 
its complexification. For L G C{A) we denote by UFl the category defined 
as in Definition 12.321 with the group L in place of G. 

The parabolic induction functor from HF^ to HF^ is defined as follows. 
Let (^, V^) € HF|° be a holomorphic family of smooth representations of 
L defined over Q. Denote by vfp^^^ the right regular representation of G on 
C~(G:P:Ca), where 

{g,m,n) eG x L x Np}. 

Let 

{k,m) eK x{KnL)}. ^^■^^> 

Restriction of functions to K induces a continuous linear isomorphism be- 
tween these spaces. Let t^p,^^ denote the representation of G on C°°(i^:^), 
obtained from 7fp^^^ by transfer of structure, and set, for ^ G G, A G Oc, 

Then it is readily seen that {Trp^^,G°°{K:^)) belongs to HF^. Here, the 
information that is a Frechet space is needed to conclude that G°°{K : ^) 
is Frechet, in particular barrelled. 

Let Wi, W2 and W3 be quasi-complete locally convex spaces, and let a 
be a continuous linear map from W2 to W3. Then the map 

La- <~p I — 5- Q o yj, Hom(l^i, W2) — \ Hom(l^i, W3) 

is continuous linear. It readily follows that the map 

\Ao[si)®W- 0(J^,Hom(W^i,VF2)) ^0(J7,Hom(VFi,PF3)) 

given by / I— 7- o / is continuous linear. The notation for this map is 
explained by the fact that it may be viewed as the unique continuous linear 
extension of 'y^o{tt) ® ^a- 

Lemma 2.54. Let be as above and let E be a finite dimensional Oq- 
module. Then we have the following identity of maps 

0(f],Hom(VFi,VF2)) 0{n,End{E) ®Rom{Wi,W3)): 

j(^) o (ido(f^) §)La) = (idc»(n) ®idEnd(£;) S-^^a) o J^^^- 
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Proof. By continuity of the expressions on both sides of the identity it suf- 
fices to prove the identity on the dense subspace 0{Q) (8) Hom(VFi, of 
0(0, Hom(VFi, W2)). But then the identity becomes obvious, in view of Re- 
mark [A3 last hne. □ 

The following result may be phrased as 'derivation commutes with induc- 
tion'. 

Proposition 2.55. Let E he a finite dimensional Oo-module, P a parabolic 
subgroup with Levi component L, and V^) G HF|^. Then 

{E) 

Proof. Let 5 e G and keK. Put a{k) := ev^: C°°{K:(,) V^. Let 

L,(fc): End(C7°°(K: 0) ^ Hom(C°°(i^: 0, V^) 
be defined as in the previous lemma. Accordingly, 

(ido(f^)§idB§L„(fc))(7rg(5)) = {iido(n)^L^(k)){Trp,^{g))Y'^^ ■ (2.23) 

Write g = np{g)K{g) uniquely via the decomposition G = NpAp{Mp n 
expp)K, where n £ Np, p{g) £ Ap{M Hexpp) and K{g) G K. We then have 
the following identity: 

Hence, it follows from (|2.23p that 

(ido(n) (8)ids0Lc,(fc) ) {tt},J (5) ) 

= o^a(K(fc<;))^ 

= (ido(Q)§idi?§L„(fc))(7rp_j(i5)(5r)) 
and the statement follows. □ 



3. The Arthur- Campoli relations 

Given a parabolic subgroup P G 'P{A) we denote its Langlands decom- 
position by P = MpApNp. 

Let V^) be a smooth, irreducible and admissible Frechet representation 
of Mp. Given A G a*p^ we denote by ^ (81 A the smooth representation of 
Lp: = MpAp in defined by 

As usual, here pp G a*p is defined by pp = ^tr (ad( • )|np). The associated 
induced representation Ttp^^^x of G in C°°{G: P : ^ ^ X) is defined as in 
Section [XH with d = a*,Q = a* and .^a = <8) A. The family of these 
representations may be viewed as a holomorphic family vrp^^^^.-) of smooth 
representations of G over = on the fixed space C°°{K: ^), defined in 
(j2.22p . As in the mentioned section, we agree to write t^p,(,\ = t^p^^^x- If P 
is a minimal parabolic subgroup, the representations t^p^^.x just defined are 
called representations of the smooth minimal principal series of G. 
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Let now P G 'P{A) be arbitrary again. Then Mp is a group of the Harish- 
Chandra class, with maximal compact subgroup Kp: = Mp D K. Two con- 
tinuous admissible Mp-representations of finite length in a quasi-complete 
locally convex space are said to be infinitesimally equivalent if their Harish- 
Chandra modules are equivalent as (mp, Kp)-modules. For each equivalence 
class oj of irreducible unitary representations of Mp, we fix a smooth admis- 
sible Frechet representation ^, = 5,^^ which is infinitesimally equivalent to a 
representation of class w, and which is topologically equivalent to a closed 
subrepresentation of a representation of the smooth minimal principal se- 
ries of Mp. Indeed, this is possible by the subrepresentation theorem for 
the group Mp. The set of all these chosen representations is denoted by 
Mp. Thus, w I— )• .^ij defines a bijection from the set of equivalence classes of 
irreducible unitary representations of Mp onto Mp. 

Remark 3.1. In view of the theory of the Casselman-Wallach globaliza- 
tion functor, see [lOl Section 11], the representation is a smooth Frechet 
globalization of moderate growth of the Harish-Chandra module of any rep- 
resentative of Lo. This characterization makes the choice of Mp more natural, 
but will not be needed in the present paper. 

We denote by Mp^^ the subset of Mp consisting of the representations 
^Lj, with oj a discrete series representation. In particular, if P G 'P{A) is 
minimal, then Mp equals the centralizer M of a in K, and = M^. For 
each (^, V{} G M^^^^ we put 

S{P, ■■= End(C°°(K: 0)kxK, (3.1) 

and we define the algebraic direct sum of linear spaces 

'5(^):=®^,M,,,,5(P,0. (3.2) 

3.1. The Arthur-Campoli relations. Fix a minimal parabolic subgroup 
Pq in V{A) and let Pq = AIANq be its Langlands decomposition. In [ll III, 
§4], Arthur defines a Paley- Wiener space involving all minimal parabolic 
subgroups containing A. This definition is given in terms of on the one 
hand Paley- Wiener growth conditions and on the other the so-called Arthur- 
Campoli conditions. In [2j, Thm. 3.6] it is shown that the Arthur Paley- 
Wiener space is isomorphic to one defined in terms of the single minimal 
parabolic subgroup Pq. We shall now describe the Arthur-Campoli relations 
in the context of the operator valued Fourier transform / i— )• /{Pq). 

For / G C^iG,K) and C G M^, the Fourier transform /(Po,0 ^ 0(0*)® 
5(Po>0 is defined by 

/(Po,e,A) := / /(x)7rp„,5,A(x)dx, AG a*. (3.3) 
Jg 

Then / ^ f{Po) maps C^{G,K) into 0(a*) 5(Po)- 

We define S to be the set of 4-tuples of the form (^, ^p, A, u) with ^ G M^, 
■0 G 5(Po)OxxX' ^ "^c ^ ^ ^(a*). An Arthur-Campoli sequence in S 
is defined to be a finite family (^i, "01; Aj, Uj) in S such that 

^{^^Po,^^^i■,ui{x),■^pi) =0, x€G. 

i 
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By integration over x it follows that this condition is equivalent to the con- 
dition that 

l](M,C^,A,;u,),V'^) = 0, / G C^{G,K). (3.4) 

i 

Definition 3.2. A ftmction ip G 0{a^)®S{Po) is said to satisfy the Arthur- 
Campoli relations if 

i 

for any Arthur-Campoli sequence {^ijtpi, Xi,Ui) in E. 

3.2. Reformulation of the Arthur-Campoli relations. In the follow- 
ing, Oq denotes the ring of germs at of holomorphic functions defined on 

a neighborhood of in a*. 

Let E he a finite dimensional Oo-™odule and let H C and A C be 
finite sets. We define the representation tte of G by 

Note that this representation is admissible and of finite length. Its underly- 
ing space is given by 

Ve,e,a = e(5,A)eHxA E ® C^{K : 0- (3.6) 

For each element ip € 0{a'^) ® S{Pq) we define the K x ivT-finite endomor- 
phism ipE,s,A of Ve,e:,a by taking the similar direct sum 

(^B.S.A := ©(^,A)GHxA V\ (A). (3.7) 

We note that tte,e,a{C^{G, K)) is a subset of the space End{VE,E,A) and 
agree to write 7Te,e,a{C^{G, K))-^ for its annihilator in the space 

End(ys,H,A)|,xK- 

Proposition 3.3. Let (p G O{a^)0S{Po). Then the following conditions are 

equivalent: 

(a) (j) satisfies the Arthur-Campoli relations; 

(b) for every finite dimensional Oo-module E, every pair of finite sets 
E c M^, Ac a* and all * G TrE,s,A{C^iG,K))^, 

We prove the result through a number of lemmas. In the following results 
a complication is caused by the circumstance that Fjnd{VE,E,A)KxK is not 
the direct sum of the spaces End{VE,^,x)KxK, but rather that of the spaces 
Hom(VE,^,,Ai, VE,e2,A2)xx;<r, for 6,6 G S and Ai,A2 G A. For (6 A) gSxA, 
let 

i^,A: End{VE,^,x)KxK > E^d{VE,S,A)KxK 

denote the associated embedding, and let 

P'^CX- ^'^^{Ve,S,a)kxK > E'^d{VE,^,x)KxK 

denote the associated projection map. 
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Lemma 3.4. Let i?, H,A be as above. Then for each ^ G End(y£;_=^A)|f 
there exists a finite sequence (^j, ipi, Xi,Ui) in S such that for all if G Oi^a"^) ® 
SiPo), 

{fE,E,A , ^) = ^{n^^^■,U. , A)- (3.8) 

i 

Proof. Put 

S{Po,E,A) :=e(g,A)e=xA5(Po,0- 
We observe that Eiid{VE,s,A)KxK viewed as the direct sum of 

the K X i^-submodule End(£')* (g) S{Po,E, A)*j^^j^ and a unique K x K- 
submodule End(ii^)* (8> T (consisting of the 'cross terms'). Since every 
element of End(-E)* ® T annihilates (pE,E,A, we may assume that ^ G 
End(-E)* ^ S{Po,E, A)*j^^j^. By linearity, we may then reduce to the situa- 
tion that H = {^} and A = {A}. Again by linearity we may assume that ^ 
is of the form r]®ip, with r] G End(ii^)* and tp G 5(Po,Oft:xft:- Let u G ^(o*) 
be associated with r] as in Lemma [2.101 Then for all ip G 0{a^) S{Po), 

( F) 

This finishes the proof. □ 

Lemma 3.5. Let {^i,ipi,\i,Ui) be a finite sequence in S. Then there exists 
a finite dimensional Oo-module E, and finite sets H C M'^, A C and an 
element G End{VE,r.,A)*KxK -^^c/i that for all ip G 0(0^) ® S{Pq), 

X]('^6,A.;n, , ^i) = {VE,E,A , (3.9) 
i 

Proof. Let E and r/j G End(£')* be associated to the finite sequence Uj as 
in Lemma ETTJ Then = r]i® ipi belongs to End(£^)* (g) 5(Po, CO^^xft: - 
End(y£;,^i,Aj|i-x_ft'- b^ finite set of all and let A be the finite set 

of all Aj. Let pr^^^A, be defined as above. We define ^ G End{VE,E,A)KxK 

^ = IZp4,A.(^i®V'*)- 
i 

Then for all cp G 0(a*) 5(Po) we have 

i i 

□ 

Proof of Proposition [Xi^ Let </) be as stated and assume (a). Let E, H, A 
and ^' be as asserted in (b). In particular, ^! G End(yE^H,A)xxX- 
{^i,ipi, Xi,Ui) be a sequence in S, associated to ^' as in Lemma [331 Then 
using the relation ([3^ with ip = /(Po) for / G C^{G,K), we see that 
{S,i,ipi, Xi,Ui) is an Arthur-Campoli sequence (see ()3.4p ). Hence, 

i 
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We have proved (b). 

Conversely, assume (b) and let {S^i^ilJi^Xi^Ui) be an Arthur-Campoli se- 
quence in S. Let E, H, A, ^ be associated with this sequence as in Lemma 
[331 Then it follows from with ^ = /(Pq) for / G C^{G,K) that ^ 
belongs to tte,e,a{C^{G, K))-^ . This implies that 

Y.^k.A.;n^ , = (teA, 1-) = 0. 

i 

Hence (a). □ 



4. Delorme's interwining conditions 

4.1. Successive derivatives. Let be a finite dimensional vector space 
over M, let J7 C oj; be an open subset and let y be a quasi-complete locally 
convex space. Following Delorme [5j, we define, for <I> € ©(f], End(y)) and 
r] G dc, the holomorphic function — > End(y © V) by 

<^^'^\X){vi,V2) := (^<^{X)vi + ^mX + zr])v2)\,=o, H^)v2^ , 

for A E and vi,V2 G V. Still following [5], we define, for any finite sequence 
rj = ... ,rjiy) in ti^, the iterated derivative 

:=(... ((j)('?iv))(^iv-i) . . . 

of <1> along 7]. Then ^^^^ is a holomorphic function on fl with values in 
End(y(^)), where V^"^^ denotes the direct sum of 2^ copies of V. 

Now assume that V is Frechet (or more generally, barrelled). If vr is a 
holomorphic family of continuous representations of G in y over the param- 
eter set ojj then it follows by application of the methods of [5j that for each 
Xen, 

7r^^\x): = 7r{x fi\X), x £ G, 
defines a continuous representation of G in V^^\ 

4.2. The intertwining conditions. Let D be the set of 4-tuples 6 = 
{P, ^, A, rj), with P G ViA), ^ G Mp^^, X G a*p^ and rj a finite sequence in a*p^. 

Given 5 G P, we define the representation ns of G in V-^g := G°°{K : ^)^'^^ 

by 

iv) 

For P G V{A) we define the space J> := 0{a*p^.) (g)S{P), with S{P) defined 
as in (j3.2p . Furthermore, we put 

J^:=©P6P(A) -T^P. (4.1) 

Given ip £ T and 6 = {P, ^, A, ry) G we define (ps G End(C7°°(K : O^^^) 
in a similar fashion as ns, by 

Finally, given a sequence 6 = {6i,...,6iy) of data from T>, we define 
vr^ := vr^j © • • • © tt^^, := © • • • © V;-^^ and (/j^ := (^55^ © • • • © (^c^^. 
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Definition 4.1. We say that a function ip ^ T satisfies Delorme's inter- 
twining conditions (see [5] Definition 3 (4.4)]) if 

(a) for every N € Z^- and each 5 € T>^ the function tps preserves all 
invariant subspaces of vr^; 

(b) for all A^i,iV2 G Z+, all 5i G V^^ and 82 G V^^, and any two 
sequences of closed invariant subspaces Uj C Vj for vr^^. , the induced 
maps '^s- £ End(V^/[/j) are intertwined by all intertwining operators 
T:Vi/u[^V2/U2. 

The space of functions ^ T satisfying (a) and (b) is denoted by TiJ)). 

4.3. A simplification of the intertwining conditions. In this section 
we will show that condition (b) of Definition 14.11 is in fact a consequence of 
condition (a) of the same definition. 

Lemma 4.2. Let G J-". Then (/? G J'{T>) if and only ifip satisfies condition 
(a) of Definition \4-l\ 

Proof. Assume that ip satisfies condition (a) of the mentioned definition. 
Then we must show that satisfies condition (b) as well. 

Let 6j, TTSj, Uj, Vj be as in (b), for j = 1, 2. Let T: Vi/Ui — > V2/U2 be an 
intertwining operator. Let Pj'-Vj — )• Vj/Uj denote the canonical projection, 
for j = 1,2, and let p := pi ® P2- Since T is equivariant, its graph W 
is an invariant subspace of Vi/Ui © V2/U2- Hence, p~^{W) is an invariant 
subspace of Vi©V2. Since ip satisfies (a), it follows that p~^{W) is a ips-^ ®^&2' 
invariant subspace of Vi ® V2- This in turn is easily seen to imply that 
T oips^ = ips^ oT. □ 

4.4. Reduction to a single minimal parabolic subgroup. In this sec- 
tion, we will show that the space J~{'D) of functions satisfying Delorme's 
intertwining conditions is naturally isomorphic to a space of functions de- 
fined in terms of just the minimal parabolic subgroup Pq. We denote by Vp^ 
the set of 4-tuples {P, A, rj) in D for which P = Pq. 

Definition 4.3. We say that a function p> ^ T satisfies Delorme's inter- 
twining conditions associated with Pq if conditions (a) and (b) of Definition 
14.11 are valid with everywhere T) replaced by T)pq. 

The space of functions p> ^ J- satisfying all such intertwining conditions 
is denoted by F{'Dpq). 

The following analogue of Lemma 14.21 is now valid, with essentially the 
same proof. 

Lemma 4.4. Let 99 G -F. Then p> G J-(T>p^) if and only if (p satisfies condi- 
tion (a) of Definition \4-l] foi" every N G and all 6 G {Dp^)^ . 

We consider the component 

Tp, := 0{a*) ® 5(Po) 

of the direct sum defined in ()4.ip . and denote the natural projection 
— -Fpo by pr. Moreover, we define 

:Fp,{Vp,) :=Tp,nT{Vp,). 
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Proposition 4.5. The natural projection pr: J-" — )• restricts to a linear 
isomorphism from F{T>) onto Fp^iVp^). 

Proof. If 99 E J" and if 5 is a finite sequence in Ppo, then ips = [lppq)s. Hence 
(/9 € T{T>p^) if and only if pr((/?) G T{Vp^). 

From Dpg C P it follows that T{'D) C TiVo). Therefore, pr maps F{T>) 
into J-po n T{T>Pq) = FpfyiVp^). The proof will be completed by showing 
that the restricted projection pr^) := i>Y\jr^py. F{V) — )• Fpq{'Dpq) is a linear 
isomorphism. We will do this by defining a map 

r: J>o — > F 

which will turn out to induce a two-sided inverse for pr^. 

Each parabolic subgroup P G T'{A) has a Langlands decomposition P = 
MpApNp. Here Mp is a real reductive group of the Harish-Chandra class, 
with Cartan decomposition Mp = {Mp PI K) exp(mp n p). Moreover, *a := 
mp n is maximal abelian in mp H p, and the centralizer of *a in Kp := 
Mp n K equals M = Zxio). We select a minimal parabolic subgroup 

*Q = M*A*N 

of Mp. In addition, we fix a minimal parabolic subgroup Q of G containing 
A such that *Q = Q (1 Mp, and we fix an element w G Nk{o) such that 
Pq = w^^Qw. In case P = Pq, we agree to make the special choice Q = Pq 
and w = e. 

Then by the subrepresentation theorem applied to the group Mp, for 
each ^ G ^pds may fix a representation a G M^ and an element /i G 
such that ^ is equivalent to a subrepresentation of the parabolically 
induced (smooth) representation 7^*0"^ ^ of Mp. In addition, we fix an Mp- 
equivariant embedding 

j^:{^,V^) ^ {^'Q^^^^^,C^{KnMp:a)). 

Through induction by stages, this embedding induces an embedding 

jfp: C^{K:O^C^{K:a) (4.2) 

which intertwines vrp^g^A with vtq^o-.^+A) for all A G a*p^. Here *oj; and ap^ are 
viewed as subspaces of via the direct sum decomposition = *o © ap. 
Thus, (|4.2p is a morphism in the category "HFc, see Definition 12.381 In the 
special case P = Pq, we agreed that Q = Pq and w = e. In this case, we 
have n = 0, and as a must be equivalent to ^, it follows that a = w ■ a = 
It is now readily verified that j^p is the identity map of C°°{K : ^). 
Left translation by w induces a topological linear isomorphism 

L{w): C°°(K : a) C°°{K : w), (4.3) 

which intertwines the induced representation vtq^o-./^+a with itpq,u>c7,w{^i+\)-, 
for all A G a*p^. Here wa denotes the representation of M in Vo-, given by 
wa{m) = a{w~^mw). We denote by {w ■ a,Vyj.a) the unique element of 
M^ which is equivalent to {wa, V^). Fix an equivalence t^-.Va — )• 14,. o- and 
denote the induced map C°°{K : wa) — )• C°°{K : w ■ a) hy T^. Then writing 
Cu, = o L{w), we obtain a continuous linear injection 

C^ojfp: C^{K:i)^C^{K:wa) (4.4) 
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which intertwines the representation TTp^^^^x with vrp^ for all A G 

Opp. In the special case P = Pq, where Q = Pq, w = e, = and o" = ^, we 
may take tw = idy^ and then and hence (j4.4p become the identity map 
of 0- 

We are now ready to define the map r. Let -P, be as above, and let 
ip G Jpq(Po)- Then ^Po^wa,w{^i+x) leaves the invariant subspace im(>C^ °jfp) 
for the representation T^pQ^wa,w(n+x) invariant by condition (a) of Definition 
14.11 so that we may define 

to be the unique linear map such that the following diagram commutes 

C°^{K:i) '-^C^{K:wa) (4.5) 



r((/p) 



C^iK : ^ C°°{K :wa). 

Since fpQ^wa G ^{'^c) End(C°°(i^: w ■ a))KxK, it is readily seen that 
'^{f)p,( defines a holomorphic function on Op^,, with values in ^). Ac- 
cordingly, T defines a linear map J^p^ — )• T. 
We will now finish the proof by showing that 

(i) T maps Fp^iVp^) into J^iV), 

(ii) r restricts to a linear isomorphism r-p: J^Pq(Ppo) — > J^(I') which is a 
two-sided inverse for pr-p. 

We will first establish (i). Let ip G Fpq{Vq), and let iV G Z+ and G . 
We claim that it suffices to show that there exists a (5' G and a linear 
embedding j:Vs Vs' intertwining tts with irs' such that 

V'^'oJ = J°i"('/')<5- (4.6) 

Indeed assume the claim to hold, and let C V5 be an invariant subspace. 
Then j{W) is an invariant subspace of Vg'. Moreover, since (p G Tpq{'Dq), it 
follows that ips' leaves j(W) invariant. As j is injective, it now follows from 
(j4.6p that T{ip)s leaves W invariant. Thus, the validity of the claim would 
imply that the above condition (i) holds. 

We turn to the proof of the claim. It clearly suffices to prove the claim 
in case = 1, so that 6 & V. Thus, (5 is a 4-tuple of the form (P, ^, Aq,??) 
with notation as in the beginning of Section 14. 2[ In particular, r/ is a finite 
sequence in a*p^. Let Q, a, fi, w be associated with the data P, ^ as in the first 
part of this proof, where the definition of r was given. Then the injective 
linear map ()4.4p intertwines vrpg a with 'T^pQ^wa,w{ii+\) foi' all ^ ^ ^*pc- 

It follows that the map 

induced by ()4.4p interwines vr^ with vr^/, where 5' = (Pq, w ■ a, w{Xo + fj,) , wrj) . 
Moreover, the commutativity of the diagram ()4.5p implies that 

or, abbreviated, j oT{ip)s = (ps' oj. This establishes the claim. 
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We now consider the induced map tx>:Tpq{'Dq) — >■ F{V), obtained by 
restriction of r, and will finish the proof by establishing (ii) . 

Let if G Jpq(Pp(,). Moreover, let Q,a,iJ,,w be associated to P = Pq as 
above. By the special choices we made for this particular parabolic subgroup, 
the diagram ()4.5p becomes 



-r(¥')Po,«,A 



id 



id 



It follows that proT((/?) = if, and we see that r-p is a right inverse to pr^^. 

We will finish the proof by showing that r-p is also a left inverse. Let 
^p £ J^i'D), and let P € ViA) and ^ € Mp^^. Let Q,a,fi,w be as above. 
As ^p satisfies condition (b) of Definition 14.11 it follows that the following 
diagram commutes, for all A G a*p^, 



V'Pq,iu-ct,iu(m+A) 

C^{K: wa). 



By comparison with (|4.5p we see that -i/^p^^ = r('0Po)-P,5- Hence, r o pr(-(/') = V') 
for ^ G J'{T^)- Therefore, is a left inverse to pr^). □ 



4.5. Reformulation in our setting. We shall now compare Delorme's 
derivation process with the process defined in the present paper. In the 
following we shall identify V ®V with ^ V via the map (fi,f2) ^ 
(1, 0) (8)^1 + (0, 1)0 V2- This identification induces an identification End(y © 
V) ~End(C2) (8)End(y). 

Let now G aj^ and let be an open subset of a^. For ip G O{0,) we define 
Z)(''V e End(C2) by 

°"V(A) ^ ( ) . 

Let be a quasi-complete locally convex space. Then for $ G 
End(y), Delorme's derivative ^^^^ is given by 

Here we note that 

=C^0V, (4.7) 

so that End(y('')) = End(C2) ® End(y). It follows that Delorme's differ- 
entiation map (•)^''^ from 0{n,End{V)) to End(y(^))) is the unique 
continuous linear extension of the map D^"^^ (g) id^y^f^^yy 

Now assume that i] ^ and let Ijj be the cofinite ideal of Oq = Oo{a^) de- 
fined in (|2.14p . Then has codimension 2 by Lemma 12.271 More precisely, 
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let X € Oc be such that ri{X) = 1. Then the map (2:1, Z2) 1— )• zi + Z2X + 
defines a hnear isomorphism k from onto the Oo-module 

-E"?? := Oo/Iri- 

Now assume that F is barrelled. Then in view of ()4.7p the isomorphism 
«; induces an isomorphism from 0{^,Find{V^^^)) onto 0(^7, End(£'^ (81 I^)), 
denoted k^,. 

Lemma 4.6. With notation as above, the following diagram commutes 
0{n,End{V)) 

(■)("\ 

0(f],End(y('?))) 0{n,End{Er, V)) 



Proof. By the same calculation as in the proof of Lemma [2.28[ it follows that 
the multiplication action m{Lp) of an element (/? € Oq on with respect to 
the basis 1, X is given by the matrix 



Let K be the isomorphism End(C^) — )• End(£'^) induced by k. Then it follows 
that for all (p G 0{Q) and A G f^, 

J(^'')(^(A) = m(7o(TAV?)) = K ( M(7o(rA(/p)) ) = k ( Z)('')(^(A) ). 

This immediately implies the commutativity of the diagram in case ^ = C. 
From this we see that the diagram commutes with the spaces 0{Q., End(l^)) 
replaced by the subspaces C'(r2)(8)End(l^), for W equal to V, V^'^'> or Er,®V. 
By density of the mentioned spaces and continuity of the maps involved, the 
result follows. □ 

Given a finite sequence rj = (r/i, . . . , r/7v) of elements in a^, we define the 
Oo-module E^^ := Er^^ ® ■ ■ ■ ® Ey^^. 

Corollary 4.7. For every finite sequence rj as above, and all ^ G and 
A G a*, 

Proof. For r] of length one this follows from the above lemma. For arbitrary 
sequences it follows from the recurrent nature of the definition of vr*-''^ and 
Proposition [2261 □ 

Definition 4.8. Let V hea Harish-Chandra module. We denote by End(V^)^ 
the space of endomorphisms ip G Fjnd(y)KxK such that for every n G N the 
product map G End(y^") leaves all (g, i(')-invariant subspaces of V^'^ 
invariant. 

If (vr, is an admissible representation of G of finite length, we define 
End(7r)# :=End((K)i^)*. 

For E a finite dimensional Og-module (where Oq = 00(0^)), and for S C 
and A C ajj finite subsets, we recall the definition of the representation 
7r£;,H,A by (|3.5p . Moreover, given ip G Tpg = 0{a^) (g) S{Po), we recall the 
definition of pe,s,a in (|3.7p . 
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Lemma 4.9. Let E,E' be finite dimensional Oo-modules such that E is a 
subquotient of E'. Let S C H' C Af^ be finite subsets and let A C A' C be 
finite subsets. Then for all ip € J-pg , 

^E',S',A' e End(7r£;/ =',A')* =^ ^E,3,A G End(7r£; =,a)* 

Proof. The result follows from the crucial observation that the representa- 
tion nE,s,A is a subquotient of t^e^E'^A' and the map H',A' induces the 
map ^E.=.,A- Obviously, it suffices to prove this observation for H = H' and 
A = A'. In this case, we put, for A G ajj. 

Then vr is a holomorphic family of admissible smooth representations of G 
over ajj, so that the functor Xj^-.E i— )• vr'^^-* has the exactness properties of 

I— I— n { E) (E'\ 

Lemma [2.441 Hence, vrj^ is a subquotient of vrj^ , and (pE,E,\ is induced 
by ^E',E.Xi for all A S A. The result now follows by taking the direct sum 
over A € A. □ 

Proposition 4.10. Let ip G Fp^. Then the following conditions are equiva- 
lent: 

(a) ipeTpoiVpJ; 

(b) for every finite dimensional Oo-module E and every pair of finite 
sets H C and A C a^, the endomorphism ipE,E,A belongs to 

End(7r£;=,A)*- 

Proof. First assume (b). Let S = {Si, . . . , 5n) be a sequence of data in Ppq. 
Then for (a) it suffices to show that 

ips e End(Kj#, (4.8) 

in view of Lemma 14.41 

We note that, with 5j = {Po,S,j, Xj,rjj), 



Let E be the direct sum of the modules Er,- , and put H := {^i, . . . , ^n} and 
A := {Ai, . . . , Aat}. For each 1 < j < N and A G ojj, let := irpg^^.^x. 

Then is a holomorphic family of admissible smooth representations of 

I— J— n ( E) 

G over o^, so that Lemma 12.441 applies to the functors X-j^.-.E > ^rj .It 
follows that 

TTs, ^ 7t)^> , and ips^ = I v,^ 

in a natural fashion (here p ^ it indicates that p is a subrepresentation of 
tt). This in turn implies that 

^ TTE,s,A, and ips = 'Pe,'E,a\vs- 

Hence (fi^ follows. 

Conversely, assume (a). Let E, S, A be as stated in (b). First we consider 
the case that E is of the form E^, with rj a finite sequence in ajj. Then 

(v) 

'^E^,S,A = ©5GH,AeA ^Po,5,A 

and it follows from (a) that pEr,,'E,A belongs to End(7r£'^ =^a)*- In view of 
Lemma r2.44l this implies that ipE,s,A belongs to End(7r£;^H^A)* for E a direct 
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sum of copies of Ef^ . Finally, let E be arbitrary. Then by Proposition 12.311 
the module ii^ is a subquotient of E^ for a suitable finite sequence r/ and 
a suitable G N. This implies, again by Lemma I2.44^ that 'KE,~.,k is a 
subquotient of t^e^,'E,a that fE,E,A is induced by fE^,=,,A- From this and 
Lemma 14.91 it follows that 97s, h, A belongs to End(7r£;^=^A)*- Hence (b). □ 

5. Conditions in terms of the Hecke algebra 

Let A: be a field and A a fc-algebra with an approximate identity (aj)jgj. 
This means that 

(a) J is a partially ordered set; 

(b) for all ji, j2 in J with ji < j2 we have aj^aj^ = aj-^aj-^ = aj^; 

(c) for every a ^ A there exists a j & J such that aja = aaj = a. 

The Hecke algebra M{G, K) is an example of such an algebra (see [H Chap. I, 
§6]). Indeed, let (i?j)jgN be an increasing sequence of finite subsets of K^, 
whose union is K'^. Then 

•= X] A;<5v ' J e N, 

defines an approximate identity in M.{G,K). 

We denote the opposite algebra of A by A°^^ . It is readily seen that the 
elements aj fS) ctj form an approximate identity for the algebra A ^ A°pp, so 
that this algebra is approximately unital. 

For j E J, let Aj be the set of a € ^1 with aja = aaj = a. Then it 
is readily seen that Aj is a subalgebra of A. Moreover, (b) implies that 
Aj-^ C Aj^ whenever ji < j2, and (c) implies that A is the union of the 
subalgebras Aj. 

5.1. Some general facts on approximately unital A- modules. Let V 

be a left (or right) yl- module (in particular, V is a fc-linear space). We say 
that V is approximately unital if, for every v (^V, there exists a j £ J such 
that aj ■ V = V. 
For j G J, let 

Vj-. = {oj ■ V \ V € V}. 

Then Vj-^ C Vj^ whenever ji < j2- We note that V is approximately unital 
if and only if Ujg j Vj = V. 

Let End(y) denote the algebra of fc-linear endomorphisms of V and let 

it: A — > End{V) 

denote the canonical algebra homomorphism. Then Vj is the image of 7r(aj). 
We note that Vj is invariant under the action of Aj, turning this space into 
a left ^j-module. Let V^ denote the kernel of n{aj). Then since aj is an 
idempotent, it follows that 

V = V^®Vj. (5.1) 

For any ^-module V, the submodule Vau '■= A-V is approximately unital, 
and it is in fact the maximal submodule with this property. Note that 



Vau = UjgjK?'- 
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We now assume that V is an approximately unital ^-module. The k- 
hnear space }lom.k{V,k) has a natural ^"^'^'-module structure. Accordingly, 
we define 

:= {HomkiV, k))au- 

We denote by End(F)o the image of the natural linear map V (8) — >■ 
End(y) induced hy v v' {u v'{u)v). 

We will say that an A-module V is admissible if Vj is finite dimensional 
for every j G J. 

Lemma 5.1. Let V be an admissible approximately unital A-module. Then, 
as A°PP-modules, 

End(F)o = End(F)„„. 

Proof. It is readily seen that End(F)o is an ^4 (g) A°^^-submodule of End(y) 
which is approximately unital. This implies that End(y)o C Fjnd{V)au- 

Conversely, let j € J. We consider the inclusion map lj :Vj ^ V and the 
epimorphism Pj'.V Vj determined by ij opj = 7r(aj). These maps induce 
linear maps Sj:End{V) End(Fj) and Tj:End{Vj) End{V) given by 

Sj-. f !->■ pj o f oLj and Tj-. g i->- ij ogopj. 

It is readily checked that 

SjoTj = idEnd(y,)> TjoSjif) = Tr{aj) o f oTr{aj) = 7rEnd(v)("i)/- 

Hence, Tj is an injective linear map End(T^ ) — )■ End(F) with image End(F)j. 
One now readily checks that the following diagram commutes: 

End(F)j > End(F) 

tj ij®p* 

End(y,-) Vj ® {V,r 

Here \j is the inclusion map, and tj is the map uniquely determined by 
ij o tj = Tj . The map at the bottom is the canonical inclusion. 

We now observe that the map at the bottom is a linear isomorphism 
by admissibility of V. Moreover, p*^ maps [Vj)* into {y*)j C , and we 
infer that End(y)j C End(y)o. Finally, by taking the union over all j, we 
conclude that End(y)a„ C End(y)o. □ 

5.2. A double commutant theorem. 

Definition 5.2. Let (tt, V) be an approximately unital ^-module. We define 
End(7r)# to be the space of G End(y)o such that for every n G N \ {0} 
and every A-submodule W C F^" we have (p^'^iW) C W. 

Lemma 5.3. Let (tt, V) be an admissible approximately unital A-module. 
Then 

-K^A) = End(7r)#. 

Proof. Since t^{A) is an approximately unital ^(^A^^^-submodule of End(y), 
it is contained in Eiid{V)au = End(F)o. Moreover, if a G ^, then for every 
n G N\{0} and every invariant subspace W of F^" we have 7r(a)^"(VF) C W. 
Hence, it{A) C End(7r)#. 
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We now turn to the converse inclusion. By definition £ := End(7r)* is a 
subspace of End(y)o = End{V)au- Moreover £ is A<Si ^"^^-invariant, hence 
an approximately unital A (8) Td^^^-module. Fix (p ^ £. Then it follows that 
there exists a j € J such that (oj aj) ■ if = (p. 

By admissibility, the space Vj has a finite basis lii, . . . , over k. Let W 
be the A-submodule of F^" generated by (ui, . . . ,m„). Then by definition 
of End(7r)*, the space W is c/?^ "-invariant. This implies the existence of 
an element a ^ A such that 'p>{uk) = iT{a)uk for all 1 < fc < n. Hence 
(p = 7r(a) on Vj. It follows that (p = 7r(aaj) on Vj. On the other hand, both 
<p = {oj aj) ■ ip = TT^aj) opoTT^aj) and TT{aaj) vanish on V^ . In view of 
()5.ip this implies that p) = Tr{aaj) on V. Hence p = 7r(aQj) € vr(A) and the 
proof is complete. □ 

5.3. Application to Harish-Chandra modules. Every admissible (g, K)- 
module y is a module for the Hecke algebra M{G, K) in a natural way, 
and as such it is admissible and approximately unital. This assignment 
of an EI(G, ir)-module to an admissible (g, -ftr)-module defines a functor 
which establishes an isomorphism of categories, from the category of admis- 
sible (fl, ivr)-modules onto the category of admissible approximately unital 
H(G, K)-modules (see [HI I, §6, Theorem 1.117]). 

Accordingly, if V is an admissible (g, ii')-module, then the associated 
algebra End(7r)* consists of all K x X-finite endomorphisms p oi V with 
the property that, for every positive integer n, the map preserves all 
(g, -ftr)-invariant subspaces of V^^. In particular, the present notation is 
compatible with the notation introduced earlier in Definition 14.81 

Corollary 5.4. Let (vr,!/) he an admissible {q,K) -module. Then 

t:{W{G,K)) = End(7r)#. 

Proof. This follows from Lemma 15.31 □ 

5.4. Proof of the main theorem. For P G 'P(^) we define PWp'^(G, if) 
to be the subspace of (see (|4.ip ). consisting of all functions p G Fp such 
that there exists an i? > and for all n G N a constant Cn > such that 
the estimate ()0.2p holds for all ^ G ^pds ^^"^ ^ ^ ^*Pc- Furthermore, we 
define 

PWP-(G,i^) = ®p^v{A) PW^;''{G,K). 

Then FWP"'{G,K) is a subspace of T. We recall that Pq G ViA) is a fixed 
minimal parabolic subgroup of G. 

Definition 5.5. 

(a) The Delorme Paley- Wiener space PW^ (G,i^) is defined to be the 
intersection PW^'^G, K) D 

(b) The restricted Delorme Paley-Wiener space FW^^{G,K) is defined 
to be the intersection FW'^p^iG^K) r\J^Po{VpJ. 

Theorem 5.6. The natural projection pr: T J-p^ restricts to an isomor- 
phism o/PW^(G,K) onto FW^^{G,K). 
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Proof. It is clear that pr maps PWP'%G,K) into PWll''{G,K). Combining 
this with Proposition 14.51 we see that pi-p maps PW^(G, K) injectively into 

Let r: J-p^ — > J-" be defined as in the proof of Proposition 14. 5i Then it 
is readily checked that r maps PW%%G,K) into PWP'^'=(G, K). This im- 
plies that TV maps PW p^{G,K) into PW^ {G,K). As pr^oTD = id on 
PW^^{G,K), it follows that pr^ maps the space PW^ {G,K) surjectively 
onto PW^^(G,if). □ 

Definition 5.7. We define PW^ {G,K) to be the space of functions (f G 
PWp^^(G, K), such that for every finite dimensional Oo-module E, and every 
pair of finite sets H C M^, A C a^, we have 



Theorem 5.8. The space PW ji^{G,K) equals PW^ {G,K). 

Proof. Both spaces are subspaces of PWp[^'^(G, i^). Let ip be an element of 
the latter space. Then ip G PW p^{G,K) is equivalent to 99 G Tp^{Vp^), 
which in turn is equivalent to condition (b) of Proposition 14.101 In view of 
CoroUarv 15.41 the latter condition is equivalent to (/9 G PW^(G, K). □ 

Definition 5.9. We define the Arthur Paley-Wiener space PW^{G,K) to 
be the space of functions ip G PWp^'^(G, K) such that ip satisfies the Arthur- 
Campoli relations (see Definition 13. 2p . 

Theorem 5.10. The space PW^ {G,K) equals PW^{G,K). 

Proof. Both are subspaces of PWp[^'^(G, K). Let iphe a function in the latter 
space. Then by Proposition 13.31 the assertion ip G PW^{G, K) is equivalent 
to the assertion that for every finite dimensional Oo-module, and every pair 
of finite subsets S C M^, A C a^, we have 

VE,B,A G {TrE,BAiC^iG,K))^)^. (5.2) 

As every function from PWp^^(G, K) has values in 

e^gM- End(C°°(i^: 0)ee 

for some finite subset 9 C , it follows by admissibility that ()5.2p is equiv- 
alent to 

By Proposition 11.21 this in turn is equivalent to 

^E,E,Ae7TE,S,A{HG,K)). 

If follows that ip G PW^(G, K) ip G PW^(G, K). D 

We now come to the main result of our paper. 

Theorem 5.11. The map pr: </? 1— )• ippg defines a linear isomorphism from 
PW^ {G,K) onto PW^(G,ir). 

Proof. This follows from combining Theorems 15. 6|, 15.81 and 15.101 □ 
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5.5. Another useful characterization of the Paley- Wiener space. In 

this subsection we will obtain another useful characterization of the Paley- 
Wiener space PW^{G, K). This will allow us to derive the Paley- Wiener 
theorem due to Helgason [7] and Gangolli [6] from Arthur's Paley- Wiener 
theorem. 

We define the Fourier transform C^{G, K)kxK 0{a^) Sp^ by 
5^(/)^(A) = f{Po,(,,\), see ()3.3p . From this definition it is immediate that 
^ is a K X X-equivariant linear map. 

In terms of this Fourier transform, Arthur's Paley- Wiener theorem may 
be stated as follows (see [1] and [2]). 

Theorem 5.12 (Arthur's Paley-Wiener theorem). The map ^ is a K x K- 

equivariant linear isomorphism from C^{G, K)kxK onto FW^{G, K). 

By Theorem 15.101 the Paley-Wiener space FW^{G,K) equals the space 
PW^(G,K) introduced in Definition O We shah now give another char- 
acterization of that space. 

We use the notation PW(a) for the (Euclidean) Paley-Wiener space as- 
sociated with a, i.e., PW(o) is the image of the classical Fourier transform 
C^{a) 0{a*). Then the space FW'^p^{G,K), introduced in the beginning 
of Subsection [531 equals PW(o) 5(Po)- 

Proposition 5.13. The space {G, K) is equal to the space of all func- 
tions if G PW(a) (8) <S{Po) with the following property. 

For each finite number of triples {uj,£,j, Xj) £ 'S'(o*) x x a*, 1 < j < n, 
there exists an element h £ M{G, K) such that 

ipi^j, Xj;uj) = TTPa,^^,Xy,u,{h) for all I <j <n. 

Proof We first assume that ip G FW"{G,K). Then (p G PW{A) S{Po). 
Let a finite number of triples {uj,^j, Xj) be given. For each uj there exists a 
finite dimensional Oo-module Ej, and a linear functional rjj G End(-E'j)* such 
that r]j o /(^j) = f{Xj; uj), for all / G C'(a*); see LemmalsiTIl Put E = ®Ej, 
and let pr^riiJ — )• Ej denote the associated projection maps. There exists 
an element h G M.[G,K) such that (^_b,s,a = '^E,s,Aih)- This implies that 
^E,e,j,\j = '^E,^j,Xj{h). for each j. By application of r/j opr^ (g) / to the latter 
expression it follows that if{(,j, Xj; Uj) = vrp^^^^, (/i), for all j. This proves 
that VW^{G,K) is included in the space described. 

To obtain the other inclusion, let ip G PW(a)(8i5(Po) satisfy the conditions 
of the space described. Let -E be a finite dimensional Oo-module, and let 
S C and A C be finite sets. Fix a basis {q^} of End(i?)*. We 
may number the elements of A by Xj. Then for each j,k there exists a 
u) G S{a*) such that r]^ f^^\Xj) = f{Xj;u^) for ah / G 0(a*), see Lemma 
\'2.10[ By the assumption on ip, there exists an element h G EI(G, K) such 
that ip{S,, Xj;Uj) = TVp^^ ^ x-u^i^) for all ^ G H and all j, k. It follows that 

{ri^ ®l)o^E,^,X, = ^l)oTTE,^,X,{h), 

for all k,j and ^ G H. This implies that ipE.^^Xj = T^E,i,Xj{h) foi' all j and all 
^ G H. Hence, Pe,=.,a = '^E,s,Aih), and we conclude that p G PW^(G,i^). 

□ 
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Corollary 5.14. The space PW (G, of K x K-fixed elements in 

PW''^(G, K) consists of all 99 G PW(a) ®S{Pq, 1)ii such that for each finite 
number of pairs (ui,Xi) £ 'S'(a*) x a*, 1 < j < n, there exists an element 
h G EI(G, K)ii such that 

ip{\j] Uj) = 7rp„,i,A,;«, (/i) for all I < j < n. 

Proof. Since 5(Po)ii = •S{Po,l)ii, this follows from the previous result by 
projection onto the K x i^-type (1,1)- □ 

Let Pi G End(C°°(i^: 1)) denote the X-equivariant projection onto the 
one-dimensional subspace ol C°° {M\K) consisting of the constant functions. 
Then we observe that 

5(Po,l)ii -End(C°^(K:l))n =CPi. (5.3) 

Accordingly, we may may view FW^ {G,K) 11 as a subspace ofPW(a)(8)CPi. 

The inclusion map t: K ^ G induces a continuous linear map t*: C°°{G) — >■ 
C°°{K) by pull-back. The transposed of this map is an injective continuous 
linear map i^,:8'{K) — t- £'{G). Accordingly, we shall use this map to view 
£'{K) as a subspace of £'{G). In particular, the normalized Haar measure 
dk will be viewed as the element of M{G, K) given by dk{ip) = '■p{k) dk, 
for if G C~(G). Clearly dk G M{G,K)u. 

Lemma 5.15. The map u i-> R^dk induces a linear isomorphism from 
U{q)^/U{q)^ n C/(g)« onto EI(G, K)n. 

Proof. We define the hnear map a: U{g) (g) £'{K) — > £'{G) by 

a{u (g) T) = RuT, 

where R denotes the right regular representation on £'{G). Then a factors 
to a linear isomorphism 

a:U{g) ^u{i) £' (K) ^ m{G , K) , 

see [U I, §6]. This map intertwines the K x K-actions (Ad (g) i?) x (1 (g) L) 
and R X L, hence restricts to an isomorphism 

{U{q) 0u{t) £'{K))n^mG,K)n 

The space of left X-invariants in £'{K) equals Cdk. As dk is also right 
X-invariant, we see that 

{U{q) ®u(i) £'{K))n ^ f/(0)'^ ^t/(t) Cdk ~ C/(g)^/?7(0)^ n U{g)i. 
The result now follows. □ 

In the following lemma, W denotes the Weyl group of a in g. 

Lemma 5.16. The image of M(G, K)ii under Fourier transform h ^ h 
equals the subspace P(a*)^ (g CPi of 0(a*) ® S{Po). 

Proof. Denote the image by S. Then S is contained in O(o^) (g 5(Po)ii ~ 
0(0*) (g)CPi. Let h G EI(G, K)ii. Then it follows that the Fourier transform 
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of h is of the form ip ® Pi^ with ip € 0{a^. In view of the previous result, 
h = Ru{dk), with u G U{g)^ . Hence, for all A G a^, 

i^W^M\K = WX)0Pi)1m\K 

= ^Po,i,a(^)1m\x 

= ■^Po,lMu)'i^M\K = l{u, X)1m\K, 

where 7 denotes the Harish-Chandra algebra homomorphism U{g)^ — )• S{a) 
which has image S{a)^ = P{d^)^ . The result now follows by application of 
Lemma 15.151 □ 

Corollary 5.17. The space FW^{G,K)u equals PW(o)^ O CPi. 

Proof. Let ip € FW^{G,K)n. Let A € a* and w G W. Then by Corollary 
15. 141 there exists an element h € M.{G, K)ii such that V'(A) = h{Po, 1, A) and 
ip{wX) = h{PQ,l,w\). As h{PQ,l,X) = h{PQ,l,'wX) by Lemma [5.161 we see 
that (f is Ty-invariant. Hence, (/? G PW(a)^ (g) CPi. 

Conversely, assume that ip G PW(a)^ ® CPi. Write ip = ij; Pi, then ip 
is a VF-invariant holomorphic function. Let (uj, Xj) G ^(o*) x 0^, 1 < j < n. 
Then there exists an element p G P{a*)^ such that 

i/j{Xj;uj) = p{Xj;uj) for all 1 < i < ?^. 

In view of Lemma 15.161 there exists an element h G IHI(G, i^)ii such that 
h{Po, 1, A) = p (g) Pi. Hence, 

p{Xj-Uj) = h{Po, l,Xj;uj) = 7rpQ,i,A,;n,(/i), (1 < J < n). 

In view of Corollary \U7n\ it follows that tp G PW^(G, i^)ii . □ 

We now note that the spherical Fourier transform 

J^n:C~(G,i^)n ^0(a*) 

is given by the formula -^ii/(A)1x/m = ^Po,i,a(/)1x/m- This implies that 
for all / G C^{G, K)u we have 

-Fii/(A)^Pi =5/(A). 

We can now finally deduce the Paley- Wiener theorem of Helgason [7J and 
Gangolli [6j. 



Corollary 5.18. Tu{C^{G, K)n) = PW(o; 



Proof. By K x X-equivariance, it follows from Arthur's Paley- Wiener the- 
orem that 

Tn{C^{G,K)n)(^CPi=:S{C^{G,K)u) = FW^{G,K)n. 

The latter space equals FW^ {G, K)ii, by Theorem l5.1UI Now apply Corol- 
lary [5T71 □ 
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Appendix. Some topological results 



In this appendix, all locally convex spaces will be assumed to be complex 
and HausdorfF. If X is a locally compact Hausdorff space, and V a quasi- 
complete locally convex space, then C{X,V), equipped with the topology 
of uniform convergence on compact subsets, is quasi-complete as well. Let 
O be an open subset of a finite dimensional complex linear space Dc- Then 
0{fl,V), the space of holomorphic functions $7 — > F, is a closed subspace of 
C{Q,V). Moreover, the map {f,v) i-^ (z i— t- f{z)v) induces an embedding of 
the algebraic tensor product ©(ri) (g) V onto a subspace of 0{0,,V). Accord- 
ingly, we shall view this tensor product as a subspace. Let P{t)c) denote the 
space of polynomial functions Oc — >■ C. 

Lemma A.l. The algebraic tensor product V{t)c) <SiV is dense in O(0, V). 

In particular, 0{CI) F is a dense subspace of V). 

Proof. By using partitions of unity, one readily sees that C (U) F is dense 
in C{i},V). On the other hand, by application of the Stonc-Weicrstrass 
theorem, it follows that P(t)c) is dense in C{^1). The lemma now readily 
follows. □ 

Let Vi, V2 and V3 be quasi-complete locally convex spaces and let 

/3: VixV2^ V3 

be a bilinear map. If X is a set, then /3 induces a C^'^-bilinear map 

(/l,/2) ^ {x^P{h{x),f2{x))). 

If X is a locally compact Hausdorff space, we will say that f3 preserves 
continuity on X if /3* maps C{X,Vi) x C{X,V2) into C{X,V3). We note 
that /3*:C(X,Vi) x C{X,V2) C{X,V3) is C(X)-bilincar. 

Similarly, if O is an open subset of Dc, we will say that (3 preserves holo- 
morphy on Q if /3* maps 0{n,Vi) X 0{n,V2) into 0{n,V3). Note that the 
map /3* is 0(r2)-bilinear. 

If X, Y are topological spaces, and A C X, then a map f-.X^Yis said 
to be continuous relative to A if f\A'-A ^ y is continuous (with respect to 
the restriction topology on A). 

Lemma A. 2. Assume that /3 is separately continuous and in addition con- 
tinuous relative to every compact subset of Vi x V2 • Let X be a locally compact 
Hausdorff space. Then P preserves continuity on X. Moreover, 

(a) ifVi is barrelled, then /3^:C{X,Vi) x C{X,V2) C{X,V3) is con- 
tinuous in the first variable; 

(b) ifV2 is barrelled, then P^:C{X,Vi) x C{X,V2) ^ C{X,V3) is con- 
tinuous in the second variable. 

Proof Let K C X be compact, and /i G C{X,Vi), /s G C{X,V2). Put 
Ci := fi{K), C2 := f2{K). Since (5 is continuous relative to Ci x C2 and 
X I— 7- ifi{x), f2{x)) has continuous restriction to K, with values in Ci x C2, 
it follows that /3*(/i,/2) is continuous relative to K. Since X is locally 
compact, we see that /3* has values in C(X, V3). This establishes the first 
assertion. 
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We now turn to the remaining assertions. By symmetry, it suffices to 
establish (a). Thus, assume that Vi is barreUed and let /2 G C(X, V2) be 
fixed. From the first part of the proof we know that /i 1-^ /3*(/i,/2) is 
a linear map from C{X,Vi) to C(X, V3). To establish its continuity, fix a 
seminorm of V3, and a compact subset K of X. Put C2 = f2{K). Then 
the family of continuous linear maps /3(-,?;2) G Hom(Vi,V3) is pointwise 
bounded, for V2 € C2. By barrelledness of Vi it follows that the family is 
equicontinuous. Hence, there exists a continuous seminorm qi on Vi such 
that 

q2.{P{vi,V2)) < qi{vi), vi G Vi,V2 G C2. 
Let /i G C{X, Vi). Then substituting for t>i and f2{x) for t;2 (x G K) 

in the above estimate, we find that 

supg3(/3*(/i,/2)(x)) < supgi(/i(x)). 

This establishes the continuity. □ 

Lemma A. 3. Assume that Vi,V2 are barrelled, and let (3 he as in Lemma 
\A.S\ If Q C Oc is open, then /3 preserves holomorphy on il.. Moreover, the 
map /3*: 0{Q,Vi) x 0{il.,V2) — > 0(^1, V3) is a separately continuous 0{i})- 
bilinear map. 

Proof. It is readily seen that /3* maps the subspace {0{Cl)iSiVi) x (0(r2)(8)V2) 
into the closed subspace 0(17, V3) of the quasi-complete space C{0,, V3). By 
continuity of /3* in the first variable (see Lemma lA.2p . and by density and 
closedness, it follows that /3^, maps 0{Q,Vi) x 0{i}) V2 into 0(0, V3). 
By the same kind of argument applied to the second variable, the result 
follows. □ 

Examples of a different nature are provided by the composition of maps. If 
V, W are two locally convex spaces then by IIom(y, W) we denote the space 
of continuous complex linear maps V W. Unless otherwise specified this 
space is equipped with the strong operator topology. If W is quasi-complete, 
and V barrelled, then by application of the principle of uniform boundedness, 
it follows that Hom(y, VF) is quasi-complete (see, e.g., [3,, Ch. Ill, 27, § 4, 
no. 2, Cor. 4]). 

Assume now that Vi,V2 and V3 are arbitrary locally convex spaces, not 
necessarily quasi-complete. 

Lemma A. 4. The map 

/3: Hom(yi,y2) x Hom(F2,^3) ^ Hom(l/i, 1^3), {A,B)^ BoA (A.l) 

is bilinear and separately continuous. If V2 is barreUed, then f3 is continuous 
relative to subsets of the form lloin{Vi,V2) x C, with C C Hom(V2,V3) 
compact. 

Proof. As V2 is barrelled, every compact subset of Hom(V2) V3) is equicon- 
tinuous. The result now follows from [31 Ch. Ill, 33, § 5, no. 5, Prop. 9]. □ 

Corollary A. 5. Let Vi, V2, V3 be quasi- complete, and assume V2 is barrelled. 
Let (3 be as in \A.1\) . Then (3 preserves continuity on X, for any locally 
compact Hausdorff space X. 
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Proof. This follows from Lemma lA.41 combined with Lemma lA.2i □ 



Lemma A. 6. Let Vi,V2,V3 be quasi- complete, and assume both Vi and V2 
to be barrelled. Let /3 be the composition map given by HA . i|] and let C Dc 
be open. Then 13 preserves holomorphy on il. 

Proof. Let A G Hom(yi, V2)) and B £ 0{Q,ilom{V2,V3)). Then by 

the previous result it follows that f3^:{A, B): 1— B{^)A{fj,) is continu- 
ous. By barrelledness of Vi, the function /: {fj,,v) 1-^ A{iJ,)v,Q x Vi ^ V2 
is continuous and holomorphic in fi. Similarly, the function g:{u,V2) ^ 
B{h')v2,^ X V2 ^ ^ is continuous and holomorphic in v. It follows that 
/i: (/X, z/, wi) 1-^ g{i^, f{fi,vi)) is continuous, and separately holomorphic in 
HjV. In particular, for fixed vi, the map ^ h{^.,v,vi) is holomor- 

phic in each of the two variables. If ^ € then (//, i^) 1-^ £^h{^,v,vi) is 
continuous and separately holomorphic, hence holomorphic. It follows that 
(/i, z/) I—)- h{n,iy,vi) is weakly holomorphic, hence holomorphic. We con- 
clude that fi I— >■ h{fi,fi,vi) is holomorphic. This implies that the function 
{fi, vi) i-T- f3^{A, B){^)vi is continuous on x Vi, holomorphic in /i and linear 
in V. This in turn implies that (3^[A,B) is holomorphic as a function with 
values in Hom( 14, V3). □ 

Given an element u of the symmetric algebra S{'o) of Dc, we will write du 
for the naturally associated constant coefficient (holomorphic) differential 
operator on dc, see ^2.11 This operator acts on the space of holomorphic 
functions 0(0), for any open subset C Dc. We agree to write f{-;u) = duf, 
for / G 0{n), see 

If y is a quasi-complete locally convex space, then du (8> idy has a unique 
extension to a continuous linear endomorphism of 0{Q, V). Indeed, unique- 
ness is obvious from density of 0{^l) iSiV in 0{Q, V). Existence follows for 
instance by application of the Cauchy integral formula. 

Let ^4 be a finite dimensional associative algebra. Suppose 

M:0{n) o{n,A) 

is a continuous algebra homomorphism which can be represented by an 
element from 5(0) (8) A, i.e., there exist Ui G S'(d) and Ui G A such that 

Mf = Y,duJ-ai. (A.2) 

i 

Then it follows from the above that the map M ® idy has a unique extension 
to a continuous linear map 0(0, V) — )• 0(0, A®V). The extension is denoted 
by M§iidy, or more briefly by M again. 

Remark A. 7. In the present paper, the following examples are of particular 
importance. Let y be a quasi-complete locally convex space and let X be 
a cofinite ideal in Oq. Then M = Jj is of the form ()A.2p . see ()2.4p . and 
defines an algebra homomorphism 0(0) O(0, Oq/X). It follows that Jj<8) 
idy: O(0) (8) F — )■ O(0, Oq/X) (g) V has a unique extension to a continuous 
linear map 

Jiiidy: o(o,y) ^ o(o,Oo/X0y), 

which will often briefiy be denoted by Jj again. 
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Similarly, let E he a. finite dimensional Oo-niodule. Then J^^^ : 0{fl) 
0{ft, End(ii^)) is an algebra homomorphism of the form (jA.2p . see Definition 
O and CoroUary \Tm Hence, j(^) idy has a unique extension to a 
continuous linear map 

j(^)gidv/: 0{n,V) — >0{n,End{E)^V), 

which will often briefly be denoted by J^^^: f i— )• f^^\ 

Lemma A. 8. Let Vi,V2 Oind V3 he quasi- complete locally convex Hausdorff 
spaces, and let /3: Vi x V2 ^ V3 be a bilinear form which preserves holomorphy 
on the open subset il. ofx>c- Let f3':Ei x E2 —j" E^ be a bilinear form of finite 
dimensional spaces. Then the bilinear form /S'^fS: Ei<SiViX E2®V2 -Es^Va 
preserves holomorphy on Q as well. 

Proof. This is an easy consequence of the finite dimensionality of the spaces 
Ej. □ 

Let denote the (continuous) bilinear product map 

m^: (a, b) ^ ab, Ax A. 

Proposition A. 9. Let Vi, V2, V3 be quasi- complete locally convex Hausdorff 
spaces, and let f3:VixV2 ^ be a bilinear form which preserves holomorphy 
on Q.. Let A be a finite dimensional associative algebra, and let M: 0{Vt) 
0{n,A) be as in / M) . Then, for all fj G 0{n,Vj), j = 1,2, 

M/3,(/i,/2) = (m^®/3),(M/i,M/2). 

The following lemma prepares for the proof. Given /i € ri, let Ai^ be the 
maximal ideal of the algebra 0(il) consisting of the functions vanishing at 

Lemma A. 10. Let M be as in l\A.2\i . There exists a number d E N with 
the following property. Let V be a quasi- complete locally convex Hausdorff 
space. Then for every k > d, the operator M&dy maps M^O{Q,V) into 

M'ir'^o{n,A^v). 

Proof. It suffices to show that, for any element u G S{t)) of order d, the 
differentiation du maps M'^0{Q,V) into Mf^^'^0{Q.,V). Clearly, it suffices 
to do this for u = X € D and d = 1. In this case the result follows from the 
Leibniz rule 

(a„0idv)(v?F) = {duip)F + ^{dumv){F), 

for ah if e 0{n) and F € 0{n, V). □ 

Proof of Proposition \A.9[ We will first prove the identity for fj E O(0) (g) V^-, 
j = 1,2. Let m:0{Q,) x 0{U) — > 0{Q) denote the multiplication map. 
Then /3*(/i, /a) = (m /3)(/i, /s) G 0{n) (g) V3. Moreover, since M: 0{n) 
0{Q,A) is an algebra homomorphism, it follows that 

MM1J2) = (M®idv3)o(m®/3)(/i,/2) 

= (m^®/3).([M®idyJ/i,[M®idy,]/2) 
= (m^0/3).(M/i,M/2). 

We will now establish the identity for general fj G 0{Q,Vj). Clearly, it 
suffices to prove the identity of holomorphic functions at a fixed point /i 
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of ft. Moreover, since the operations (/i,/2) i-> /3*(/i,/2) and M commute 
with restriction, we may assume that $7 is a polydisk centered at /x. Let d 
be as in Lemma lA.lOi Fix k > d. 

From the power series expansions of /i,/2 at the point ^ it follows that 
there exist polynomials pj € P{'o) ®Vj and holomorphic functions Vj E 
M^^O{n,Vj) such that 

fj=p.+rj, j = l,2. 

From the 0(r2)-bilinearity of /3* it readily follows that 

Mij2) = (3.{puP2) + R, (A.3) 

with R G M'^0{Q,Vs). From the C'(il) -bilinear ity of combined with 
Lemma lA.lOl it follows that 

(m^®/3),(M/i,M/2) = (m^0/3),(Mpi,Mp2) + P, (A.4) 

with p G M'^~^0{Q,V3 (g) A). Evaluation at the point /x gives ev^(i?) = 
R{n) = and ev^{p) = p{p) = 0. Combining this with (|A.3p . ()A.4p and the 
first part of the proof applied to (^'i,P2) we find 

ev^M/3,(/i,/2) = ev^M/3,(pi,p2) 

= ev^(m^(»/3),(Mpi,Mp2) 

= ev^(m^O/3),(M/i,M/2). 

This establishes the desired identity at the point p. □ 

Corollary A. 11. Let Vi, V2, V3 and he as Proposition \A.!A 

(a) For any cofinite ideal I of Oq, 

on 0(^,1^1) X 0{n,V2). 

(b) For ani/ finite dimensional Oo-module E, 

j(^)o/3, = (mE-'i(^)0/3),o(j(^),j(^)) 

on 0{n,Vi) X 0(17,^2). 

Proof. In view of Remark IA.71 this follows from Proposition IA.9I □ 

Corollary A. 12. Let Vi,V2,V-i be quasi- complete locally convex Hausdorff 
spaces, and assume that Vi,V2 are barrelled. Let S £ Hom(Fi, V2)) 

and T £ Hom(V2, V3)). Then the map TS:p 1— )• T{p)S{p) belongs to 
C(ri, Hom(Vi, V3)). Moreover, the following holds. 

(a) For any cofinite ideal I of Oq, 

Ji{TS) = Jx{T)Jx{S). 

(b) For any finite dimensional O^-module E, 

^ ']-{E)g(E)_ 

The expression on the right-hand side of (a) should be read as the natural 
pointwise product of the functions JxS G 0{V1^0q/T ® Hom(Vi,V2)) and 
JxT G 0(r?,Oo/X(»Hom(F2,^3))- 
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For (b) we note that S^^^ is holomorphic on 17 with values in End{E) (K) 
Hom(yi,y2) ^ }lom{E(E)Vi,E(g)V2). Likewise, r(^) is SLRom{E(g)V2, E(g)V3)- 
valued holomorphic function on 17. Accordingly, the expression on the right- 
hand side of (b) should be read as the pointwise composition. 

Proof. This follows from the previous corollary combined with Lemma lA. 61 

□ 
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